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1. Introduction

Because the earth is no t a perfectly elastic medium, 
oscillatory m otion is dam ped; as a result seismic waves 
propagating in the earth suffer absorption. The intrinsic 
anelasticity of the earth is usually modeled by the linear theory 
of viscoelasticity, w hich generalizes the theory of elasticity  
and that of viscous fluids. The general viscoelastic equation of 
motion (VEM) is an integro-differential equation, and in most 
cases of interest must be solved numerically. We present a 
finite difference scheme based on the reformulation of the VEM 
as a higher than second order partial differential equation (PDE).

2. Elasticity and Viscoelast ic ity

The basic equation of motion for a solid continuum is

d \  .
P — T* î = 1 >2 >3 ,  ( i )
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where Ui is the particle displacem ent vector, CTy. the stress 

tensor, and p  the density ; and w here the sum m ation 

convention is assumed. Elasticity theory follows by assuming 
a stress-strain relation o f the form

° i j  ~  Cijkie k l’ (2) 

where e u  = 1 / 2 {dl^ / dxl + d l l j d x ^  is the strain tensor, 

and CÿW is the tensor of elastic constants (Aki and Richards,

1980). V iscoelasticity generalizes the above relation by 
allowing the stress to depend on the entire past history of the 
strain:

dx
(3 )

(Christensen, 1971).
For simplicity, we consider SH waves, transverse 

waves polarized in the horizontal plane, which for a vertically 
inhomogenous medium are decoupled from  the tw o other 
possible wave polarizations (P and SV). For SH waves, equation 
(3) becomes a scalar relation:

o(t)  =  J *  R(t -  x ) ——̂ ——dx, (4 )

where the prime denotes differentiation with respect to the 
spatial coordinate.

The VEM is an integro-differential equation and in 
general is tractable only by  numerical methods. T o  make even a 
numerical solution practical, an arbitrary relaxation function

R(t)  is approximated by a finite sum of decaying exponentials 

(the generalized Maxwell model) (Emmerich and Korn, 1987). 
By introducing auxiliary "memory" variables, the VEM may 
then be reformulated as a system of coupled PDEs and solved, for 
example, by the finite difference method.

3. Differential Formulation

Alternatively, the viscoelastic stress-strain relation 
(equation (4)) may be formulated using differential operators:

(5)

where P  and Q  are polynom ials o f degree N  in the 

differential operator d / d t , and where the whole of the spatial 

inhomogeneity is contained in the coefficients of Q.  Instead 

of an integro-differential equation, the VEM becomes a PDE of 

order +  2  in time:

d J  d \  du J  d \  d 2u 

dx \  d t )  dx ~ 9  \  dt)  d t2 '  ( 6 )
The solution of the associated initial value problem requires the 
values of the function U and its time derivatives through order 

N  + 1 to be specified at the initial time t  =  0 .  However, the 
requirement that equation (5) be equivalent to  (4) supplies

constraints on the initial conditions so that only M^=0 and 

dll/dt\t Q̂ may be freely specified. This is reasonable, since

the VEM is an expression of the (second order in time) Newton's 
Second Law.

4. Conclusion

B y replacing both space and time derivatives in 
equation (6) by centered finite difference expressions (while 
preserving the operator ordering  o f (6)), a stable finite 
difference scheme is obtained. This algorithm , including 
constraints on initial conditions, was then implemented in 
FORTRAN code. The program has been checked using a number 
of test calculations with known analytical or semi-analytical 
solutions.

While the approach via the differential formulation of 
the s tress-stra in  re la tion  does n o t ap p ea r  to offer a 
computational advantage over existing approaches, it is of 
theoretical and conceptual interest. In particular, in this 
approach the time evolution of the wavefield is governed by a 
single PDE. By constructing a working computer code we have 
shown that this approach is practical for computation.
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