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1. i n t r o d u c t i o n

Over the past few years there has been a substantial 
growth of interest into new engineered materials called 
metamaterials, which include photonic crystals. These 
materials are designed to manipulate electromagnetic waves, 
such as microwaves and light, in new ways that enable 
properties and effects not found in natural materials. This 
has stimulated major interest in the development and 
understanding of their acoustic wave analogue, namely 
phononic crystals [1][2]. Phononic crystals manipulate 
acoustic waves through scattering to realize numerous 
unique effects. In particular, it may be possible to achieve 
sub-wavelength imaging, which has already been predicted 
and experimentally demonstrated for electromagnetic 
metamaterials [3][4], and has been predicted for certain 
photonic crystals [5].

Phononic crystals are artificial crystal arrangements of 
materials with differing acoustic properties. The incident 
acoustic waves scatter off of the material interfaces present 
in the crystal lattice, interfering constructively or 
destructively. Accordingly, the wavelengths of interest are 
those comparable to the spacing of the crystal lattice. Some 
of the effects already experimentally demonstrated in certain 
phononic crystals are transmission band-gaps [6], negative 
refraction [7], ultrasound focusing in 2D [1] and 3D [8], and 
phonon tunnelling [9].

The acoustic properties of a phononic crystal are fixed 
by its design parameters, such as the crystal lattice 
configuration and spacing, and the materials used. Once a 
crystal has been fabricated it is not possible to change its 
acoustic properties, resulting in a static crystal whose 
usefulness is limited to its designed operating parameters.

We seek to control the acoustic properties of a 
phononic crystal by changing its material parameters as a 
function of time, which will dynamically affect the acoustic 
wave scattering within the crystal. This may enable time- 
variant phononic crystals which would have adjustable 
acoustic properties depending on the nature of the material 
parameter variation. In order to determine how material 
parameter variation will affect the acoustic properties of a 
phononic crystal, we have extended the existing static 
scattering theory to handle time-varying material 
parameters. We wish to examine the resulting governing 
equations to gain insight into the factors that affect acoustic 
transmission through time-varying phononic crystals.

2. METHOD

2.1. Our new method
We have used the 1D transmission matrix method 

(TMM) as a starting point since it gives a closed-form 
solution to wave propagation in periodic media [10]. The 
existing TMM theory was then expanded to accommodate 
time-varying material parameters, which we call the time- 
varying transmission matrix method (TV-TMM). Incident 
waves within a time-varying phononic crystal are modulated 
at every scattering interface. This continuous interaction 
between the propagating waves and the time-varying

parameters dramatically affects the nature of wave 
transmission through a phononic crystal. The resulting 
closed-form expressions can provide insight into how the 
time-varying material parameters affect wave propagation.

The finite-difference time-domain (FDTD) method [11] 
can also simulate time-varying phononic crystals, however, 
it gives no analytical insight into why a particular result 
occurs -  only what occurs. Moreover, because the accuracy 
depends on the resolution in the space and time domains, 
better results take longer to generate. The FDTD method 
was thus used as a benchmark to verify our new method.
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Fig 1. A corrugated tube waveguide. The incident waves are 
scattered at every impedance discontinuity, which occur 
between each tube section. A+(ov) and B+(fflout) are the input 
and transmitted spectra, respectively.

2.2. A representative 1D system
A corrugated tube waveguide is a tube in which the 

diameter of the tube changes periodically along its principle 
axis as shown in Figure 1. Acoustic wave propagation 
within such a corrugated tube waveguide is analogous to 
acoustic wave propagation with a 1D phononic crystal 
consisting of alternating layers of differing media. Each tube 
section of a given diameter has particular acoustic 
impedance, Z. Thus, the alternating diameter tube shown in 
Figure 1 has two acoustic impedances: Z1 and Z2.
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Fig 2. An illustration of how an incident monotone (A+) is 
scattered and modulated (A“ and B+) at every time-varying 
impedance discontinuity. The inset plots represent frequency- 
domain spectra.

In a corrugated tube waveguide, when an incident 
acoustic wave meets an impedance discontinuity the wave is 
scattered, meaning that some of the energy is reflected and 
the remainder is transmitted. In the static case, the 
transmission and reflection coefficients are simply 
constants, so that the scattered waves have the same
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frequency content as the incident wave. However, in the 
dynamic case the impedances are time-varying due to 
material parameter variation, thus the transmission and 
reflection coefficients are also time-varying. The incident 
wave is modulated by the time-varying transmission and 
reflection coefficients resulting in a spectrum of scattered 
waves. Such a situation is illustrated in figure 2 for an 
incident monotone.

3. RESULTS

3.1. Verification
Using the 1D tube waveguide from [12] as a 

representative model of a 1D phononic crystal, transmission 
equations for both continuous (including non-periodic) and 
periodic material parameter variations were derived. The 
new TV-TMM formulation matches the predictions of our 
FDTD simulator. Furthermore, the TV-TMM simulation 
execution times were four to five orders of magnitude faster 
than the FDTD simulations used for comparison and 
provide exact solutions at the frequencies of interest.

Fig 3. Fundamental frequency transmission coefficients for ten 
(a) static and (b) time-varying segments. In (b), the parameter 
variation frequency is 500 Hz and the second tube cross
sectional area is varying by ± 5%.

3.2. Results
The fundamental frequency transmission coefficient for 

the ten tube segments is shown for both the static and time- 
varying cases in figure 3, generated by varying the input 
frequency and plotting the output magnitude of that same 
frequency. Figure 3a shows the transmission band-gap 
characteristics centred at 2 kHz in the static case. In figure 
3b, the transmission spectrum now includes energy that has 
been modulated to and from the harmonics by the time- 
varying transmission and reflection coefficients. Notice that 
the shapes of the band-gap and band-gap edges have been 
significantly altered when compared to the static case. This 
raises the possibility of changing the band-gap 
characteristics using material parameter variation as the 
controlling mechanism. One could envision a controllable 
band-pass or notch filter using such an arrangement.

4. DISCUSSION

Our new method for predicting the transmission 
properties of time-varying phononic crystals gives closed- 
form solutions to the transmission through single and 
multiple time-varying phononic crystal segments. Using this 
method, we predict that the transmission properties of a 
time-varying phononic crystal can be made dramatically 
different from a similar static phononic crystal.

Currently, we are analyzing the resulting equations for 
acoustic wave transmission through time-varying phononic 
crystals provided by our new method. We hope to derive a 
better understanding of the relationship between the nature 
of the material parameter variation and the resulting output 
spectra. Furthermore, two and three dimensional phononic 
crystals have the additional property of acoustic wave 
refraction, a fact which leads us to ask what effect material 
parameter variation may have on imaging through these 
crystals.

To help us answer these questions, we intend to extend 
our 1D TV-TMM formulation into 2D by applying a similar 
approach to that used in 2D multiple scattering theory [13]. 
The extension from 2D to 3D should also be possible since 
2D and 3D multiple scattering theories are quite similar in 
form.
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