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1 Introduction
The use of lightweight complex heterogeneous structures in-
creased during the last years principally in the transportation
sector (i.e., aviation and trains). This sector’s technology
enhancement pursues reducing long-term CO2 emissions and
increasing efficiency. Lightweight structures may have poor
vibro-acoustic behavior and in designs with complex shapes
and material heterogeneities, its vibro-acoustic modeling
brings new challenges in terms of accuracy and compu-
tational cost. Techniques such as model order reduction,
homogenization, mesh and meshless methods (with and with-
out periodicity conditions) and energy methods are typically
employed to tackle this problem. Within homogenization
techniques, an equivalent properties strategy can be utilized
to equivalently represent complex structures into more simple
ones (for example, a single layer panel). The latter is
named equivalent structure or carrier and it is responsible
for representing certain conserved quantities of the original
structure.

This work aims to stress the use and limitations of
two equivalent properties strategies applied to multilayered
structures. Limitations provide insight into the potential
applicability of these strategies in complex structures. The
whole numerical procedure is computed utilizing the General
Laminate Model (GLM) [1, and related papers] in a wave
and forced response context. In the first homogenization
strategy, the carrier is represented by a single layer isotropic
plate. In the second one, the carrier is a thin orthotropic plate.
To verify the effectiveness of both strategies comprehensive
examples of multilayered structures are presented.

2 Method
In this section, the necessary theoretical background of the
two carriers utilized for the proposed homogenization strate-
gies is presented.

2.1 Theoretical background
The first carrier is a single layer thin isotropic plate. To obtain
the equivalent material properties, the dynamic equations
which describes the in-plane and out-of-plane motion of
every point within the plate in three perpendicular directions
(u(x, y, t), v(x, y, t) and w(x, y, t)) are utilized (see e.g., [2,
chaps. 13 and 15]). From those equations, after applying a
Helmholtz decomposition, the three main wave phase veloci-
ties, cph,i, can be obtained and are presented as follows,
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where E, ν, ρ,D, ω and ms = ρh are the material’s Elastic
modulus, Poisson ratio and material density, the bending
stiffness, the angular frequency, the surface mass and h the
plate thickness. Utilizing Eq. 1 and the relation between
E and G (the shear modulus) for an isotropic material,
G = E/(2(1 + ν)), it is possible to obtain (after some
algebraic manipulation) five equivalent material properties
named, Eeq, Geq, νeq, heq and ρeq. The latter is obtained
considering equal mass between the original and equivalent
structure.

The second homogenization strategy proposes the use
of a single layer thin orthotropic plate. Then, the three
governing dynamic equations utilized for this carrier, after
assuming a time harmonic motion for the displacements u, v
and w on the form d = [û, v̂, ŵ]ej(kxx+kyy−ωt), are presented
as follows,

k2(A11c
2 +A66s

2 + (A12+66)c s)−msω
2 = 0, (2)

k2(A66c
2 +A22s

2 + (A12+66)c s)−msω
2 = 0 (3)

k4D(φ)−msω
2 = 0, (4)

where kx = k cos(φ) and ky = k sin(φ) are the x and y
components of the wavenumber k, c and s refer to cos(φ) and
sin(φ), φ is the heading angle and Aij and D(φ) = D11c

4 +
D22s

4+2(D12+2D66)c
2 s2 are the in-plane and out-of-plane

stiffnesses, respectively. Definitions of Aij and Dij can be
found in textbooks such as [2].

2.2 Numerical procedure
The numerical procedure applied to both homogeniza-
tion strategies consists basically in finding the equivalent
isotropic/orthotropic properties of the equivalent single layer
plate solving the eigenvalue problem of the original struc-
ture for each heading angle and each frequency of interest
utilizing GLM. The first strategy utilizes Eq. 1 to find the
equivalent properties and the second calculates them using
Eqs. 2 to 4 and three ellipses that represent the best possible
fit to the original dispersion curves. With the equivalent
properties, the equivalent global stiffness matrix is built and
used to calculate the equivalent forced response indicators.
The composite Damping Loss Factor (DLF) of the original
structure is calculated and added in the global stiffness matrix
of the homogenized or equivalent structure.

242 - Vol. 51 No. 3 (2023) Canadian Acoustics - Acoustique canadienne



3 Results
To evaluate the effectiveness of the proposed strategies, both
homogenization procedures are evaluated with two represen-
tative structures, a bilayer thick asymmetric multilaminate
(two different orthotropic layers with non-zero angle lamina)
and a highly damped sandwich panel with viscoelastic core
(complex and frequency dependent core’s material properties
and aluminum skins). To characterize the bilayer asymmetric
laminate, the total energy and input power, obtained for a
point normal load, are presented in Fig. 1 for both homoge-
nization strategies. It can be seen that the orthotropic homog-
enization performs better than the isotropic strategy (lower
relative difference with the original structure’s indicators).
As a general trend, the relative difference increases with
frequency.

Total energy and input power are also presented in Fig. 2
for the case of the sandwich panel. It can be seen that
again, the orthotropic homogenization performs better than
the isotropic strategy (lower relative difference with the orig-
inal structure’s indicators). However, the relative difference
values are considerable higher than the previous less damped
structure (i.e, structural damping less than 5 %). As a general
trend, the relative difference increases with frequency for the
isotropic homogenization and decreases for the orthotropic
strategy. The same behavior described here was observed
in thick isotropic/orthotropic sandwich panels with soft core
(having less relative difference at low frequencies).

(a)

(b)

Figure 1: Total Energy (1a) and Power input (1b) forced indicators
of the bilayer asymmetric multilaminate.

(a)

(b)

Figure 2: Total Energy (1a) and Power input (1b) forced indicators
of the sandwich with viscoelastic core.

4 Final remarks and discussions
Two different homogenization strategies were presented. The
necessary theoretical background utilized by each of these
strategies was described. To stress the use and limitations
of both strategies, two forced indicators were computed
and compared with the original structure’s indicators. The
results show that the homogenization process (the equivalent
properties) affects the equivalent forced quantities and, as a
consequence, the composite DLF of the equivalent structure.
The better the homogenization approach, the better the agree-
ment between original/equivalent forced indicators such as
total energy, injected power and composite DLF. The use of a
linear composite damping (equivalently acting only on E and
G) probably affects the correct reproduction of the bending
behavior of the whole panel in thick or highly damped
sandwich type structures. The performance of the strategies
in wave (estimation of dispersion curves) and forced analyses
is unrelated, highlighting the importance of a forced response
assessment. In regards of the potential applicability of the
presented strategies to complex structures, the orthotropic
homogenization seems to capture the dynamic-anisotropic
nature of the original structure (frequency, heading and mate-
rial spatial properties variations).
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