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ABSTRACT

Formulas for calculating the ensemble energy equiva-
lent noise level for a population of sources are given for
truncated uniform, normal, and Gamma distributions.

When assessing the effectiveness of a regulation limiting the noise emission
of a certain product (say, trucks, for illustration), the following procedure is often
followed. A statistical distribution of "current" (i.e., without regulation) noise
levels is obtained (e.g., Figure 1(a)) for the population of that product. Its energy
equivalent ensemble noise level is calculated and used in a noise impact compu-
tation. Then, assumptions are made on how the regulation will change the noise
level distribution, and a new equivalent noise level is obtained and fed in turn into
a noise impact model. The difference in noise impact may be regarded as the
effect of the regulation.
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Figure |. Statistical Distributions of Noise Levels: (a) Full, (b) Truncated
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The simplest assumption about the effect of a noise level regulation on a
statistical distribution of noise levels from a source population is that the upper
tail is truncated from the distribution at a known noise level. It is assumed that
the parameters of these distributions have been estimated and are known quanti-
ties. For the normal distribution, these estimations are well-known. For the
Gamma distribution, estimation procedures may be found for instance in Bury 1975,
page 311. Only uniform, normal and Gamma distributions are treated here since no
other closed form solutions could be found which are readily computed with a
programmable pocket calculator.

Denoting noise levels by the symbol x with units dB, and probability density

by the symbol y, the energy equivalent ensemble noise level L'ep (in dB) is defined
by

Lep= 10 log I y(x) z dx (|)

where z is a constant equal to 10 * . The area under y(x) must, of course, equal
unity for y to be a proper probability density function. The subscript "ep" is chosen
to distinguish this statistical energy equivalent level of a noise source population,
from the energy equivalent level computed over a time interval of a fluctuating
noise level signal, usually denoted by I_e .

(a) Uniform Distribution

The formulas for uniformly distributed noise levels are as follows:

y(x) = fy(x; a, b) = a<x<b

zb -z G (2)
Lep 10,09 (b-a) Inz

When the upper portion is truncated above x*, b is simply replaced by x*. Figure 2
shows equation (2) in dimensionless form.
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Figure 2= Dimensionless L as a Function of Dimensionless Truncation Value

(Uniform Distribution)

(b) Normal Distribution

The full normal probability density is

yM - fN < H,a) - —jL=r exp[-\ () ] 3

where H is the mean, and a the standard deviation. The cumulative distribution
function F” is

FN X; =/ fN (t; H,0)dt w

mm 60
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If the upper tail of f* is truncated at x* (Figure 1(b)), y(x) must be corrected
such that the area under y remains equal to unity:

y<*> * fN t<x; 11 < ~ X ) - — 7 N ] (5)
N® > ’ FN (xt;»i, a) L2V a |/

for - @M< x < X. , zero elsewhere.

Substituting equation (5) into equation (I) yields the following result after some
algebra:

2inz.,., [NV “+2 inz' ff)
Voo o f— FN(Xt;  0)---mr («

The second term is the familiar 0.1 15 a2 term in the expression for the
energy equivalent level for a normal distribution of sound levels. The third term
may be called a "truncation correction” which reduces to zero for x — ~°°as should
be expected.

The cumulative normal distribution is tabulated in any textbook on
statistics. Simple pocket calculator programs also exist to evaluate F*.

Figure 3 shows equation (6) in dimensionless form. This graph can be used to
evaluate equation (6), interpolating between curves when necessary.

(c) Gamma Distribution

The full, three-parameter Gamma probability density function is (Figure 4):

(7)

for x > @3, zero elsewhere,

where 8 is the location parameter, a the scale parameter, and X the shape
parameter. T(X ) is the complete Gamma function defined by



(Normal Distribution). Tick Marks Outside Right Margin Indicate
Asymptotes.

NoSw Uv*| x, dB

Figure 4. Gamma Distribution
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Note that the arithmetic mean of the three-parameter Gamma distribution
is P + ot\, and the variance is a2

The cumulative distribution function Fq is

(8)
P
which can be written
) ° 7
FG(x:P, a,x) =- Tt2) 0)
where y is the "incomplete” Gamma function defined by
A
r x
yXW =y  tX" levtat (10
0
This leads to the Gamma probability density with truncated upper tail at x:
y<x) - fG _ t(x; or, X, xf) = -——-— Xp (- (1D

for P< x< x0 , zero elsewhere.

Inserting equation (l1) into equation (I) yields the following result after some
algebra:

Lep= P" 10X log (1 - aXnz>+ 10 log< 7= ——=> (12

The third term is again the truncation correction term as similarly observed
with the normal distribution (equation (6)) reducing to zero for x*——00. With one
exception, Lg should always exist for finite x*. The exception is that the
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calculation method breaks down when values of the scale parameter <*> 4.343 (-
1/ £nz), which is not considered a serious restriction. Values of a will usually
range between 0.5 and 2.5 when operating on environmental noise data.

Appendix A gives an algorithm for calculating the incomplete Gamma
function on a programmable pocket calculator or a computer.

Figure 5 shows curves representing equation (12) in dimensionless form using
the Gamma standardized variable

One may note the basic similarity of Figure 5 with Figure 3. However, since the
Gamma distribution has a finite lower tail, the curves stay finite on the left side.

Figure 5. Dimensionless (Reduced) L_. as a Function of Dimensionless (Reduced)

ep
Truncation Value (Gamma Distribution). A, B, C are Endpoints of
Curves with Same Shape Parameter X (A: X=2, B: X =5, C: X =10.)
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The effectiveness of a regulation is best assessed by estimating its effect on
a population of noise sources as a function of time. This has been examined in
Plotkin 1974, Plotkin and Sharp 1974, and Plotkin 1977. These references either
assume normal models, or they use measured noise level distributions without
fitting them with a mathematical model which is a more accurate and also more
time-consuming technique than the one discussed in this paper. The formulations
developed in this paper are used in Wyle Research 1979 (see references), a
document developed for use by local governments, whereas the previously
mentioned references stress the use by a federal government.
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APPENDIX A
ALGORITHM FOR INCOMPLETE GAMMA FUNCTION EVALUATION

Definition of incomplete Gamma function:

(Al

where X> 0, x > 0. This is also equal to:

X' (A2)
AX+1) ... (X+n)

n=20
Algorithm for evaluating equation (A2):

R|,....Ré are storage registers.
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NTRY>»

Store X n R|

Store X in

Store Allowable Relative Error
€inR6

Calculate x»
Divide This By Rj

Store Result in Rgand R?

Examples:

yH2) =0.86466
7170.1) = 0.09516
y2(10) =0.99950

y10(5) = 11549.8
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MICROCOMPUTERIZED
NOISE DOSIMETRY...

With Hard Copy

db 301/651
METROLOGGER
SYSTEM

Continuous Printed Record of Time
Weighted Noise Exposure Levels

Advanced computer technology utilized in the db-301 Metrologger obsoletes primitive single number
dosimeters. Significant noise data, unobtainable with current instrumentation is now automatically
printed out in ahard copy permanent record.

Important data such as Time History Profiles, Amplitude Distribution Histograms and concurrent
computations of Leq, L osha, exposure coefficient at both 85 and 90 dBA criteria, Lio, Lmax and many
others are automatically produced.

With ConvaaET i i S AT B e

make the system ideal for any personnel or enwronmental noise measurement program

db-306 METROLOGGER

Real Time Exposure Computations In Palm ofHand

Combining a patented digital sound level meter with a programmable micro-
computer the 306 produces fast and accurate answers to complex measurements.
A four digit LED display permits directreadout of sound level, L mex, Leg and test
duration (hours, minutes and seconds).

A major advantage is the capability for interchanging PROMs which adapt
the db-306 inaccordance with different ISO, OSHA and US Air Force (proposed
DOD) noise exposure criteria. The db-306 can measure over the bounded dBA
range specified in the various occupational noise exposure standards or it can
measure over the full range of noise amplitude for evaluating community noise
and for rating noise emission of cyclical machinery.

Represented in Canada by Leq MEASUREMENTSLTD.

T Nolse Analyzors METROSOQIMICS IIMG.

P.O. BOX 23075 « ROCHESTER, N Y. 14692 « 716-334-7300



