
AN ANALYTICAL MODEL FOR INPUT SPECTRAL

*

* *

* * *

DENSITIES FOR RESPONSE ESTIMATION

T.S. Sankar*,  V.K. Jha** and R.B. Bhat***

Department of  Mechanical Engineering 
Concordia U n iv e r s i ty ,  Montreal ,  Canada

ABSTRACT

A mathematical  approach i s  proposed to  desc r ib e  any a r b i t r a r i l y  
varying power sp ec t r a l  d e n s i ty  o f  a random process  in  order  to 
ob ta in  a n a l y t i c a l l y  the response of  mechanical systems to such 
i n p u t s .  The proposed model op t im al ly  envelopes the  input  power 
s p e c t r a l  den s i ty  with l i n e a r  segments having r i s i n g  and f a l l i n g  
s lopes  as well as f l a t  po r t ions  in dB sca le  and can be used to 
desc r ibe  any power sp e c t r a l  d e n s i ty  d i s t r i b u t i o n  to the requ ired  
degree o f  accuracy.  Response o f  a mechanical system to an 
a r b i t r a r y  random loading i s  ob ta in ed  by desc r ib in g  the input  
using t h i s  model and the  r e s u l t  i s  compared a g a i n s t  experimental  ly 
measured response fo r  the system under same lo ad ing .  The computed 
mean square response agreed well with the exper im en ta l ly  measured 
va lu e ,  the reby  v a l i d a t i n g  the use fu lness  o f  the proposed model in 
e v a l u a t i n g  the response of  any general  dynamic systems under 
random load ing .

RÉSUMÉ

Une nouve l le  approche e s t  proposée pour la  d e s c r i p t i o n  d'une den s i t é  
s p e c t r a l e  a r b i t r a i r e m e n t  v a r i a b l e  d'un processus acc iden te l  pour 
o b t e n i r ,  d 'une façon a n a l y t i q u e ,  l a  réponse d 'un système mécanique, 
pour c e t t e  e n t r é e .  Le modèle proposé enveloppe d'une façon optimale  
l a  d e n s i t é  s p e c t r a l e  d ' e n t r é e  de la  pu issance avec des segments ayant 
des pentes  montantes e t  descendantes  e t  aussi  des po r t ions  p l a t e s  
dans une é c h e l l e  de dB. I l s  peuvent ê t r e  u t i l i s é s  pour d é c r i r e  
n ' im por te  que l le  d i s t r i b u t i o n  de la  d e n s i t é  s p e c t r a l e  avec le  degré 
de p r é c i s i o n  r e q u i s .  La réponse d 'un système mécanique à une charge 
a c c i d e n t e l l e  a r b i t r a i r e  e s t  obtenue par  la  d e s c r i p t i o n  d'une en t rée  
en u t i l i s a n t  ce modèle e t  l e  r é s u l t a t  e s t  comparé avec la  réponse 
obtenue expér imental lement  pour l e  système avec une charge id en t ique .  
La réponse moyenne c a r r é e  c a l c u l é e  se compare bien avec l e s  r é s u l t a t s  
mesurés en conf irmant  l ' u t i l i t é  du modèle proposé pour l ' é v a l u a t i o n  
de l a  réponse d 'un système dynamique général  sous une charge 
a cc id en te l  l e .
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The sp ec t ra l  d e n s i t i e s  of  many random proc ess es ,  wh 
systems,  are  o f t en  not amenable to an exact  mathematical  
order  to  design s t r u c t u r e s  subjec ted  to such random load 
desc r ibe  these  s p e c t r a l  d e n s i t i e s  of  e x c i t a t i o n s  an a l y t i  
form. In some p r a c t i c a l  s i t u a t i o n s ,  i t  i s  s u f f i c i e n t  to 
mately with simple mathematical  fu n c t i o n s ,  such as a whi 
l imi t ed  white noise [2]  or as a product  of  an a lg e b ra i c  
[3] .  However, such models cannot  de sc r ibe  any sp ec t ra l  
which may possess seve ra l  peaks of varying magnitudes.

ich e x c i t e  s t r u c t u r a l  
d e s c r i p t i o n .  In 

ings ,  i t  i s  e s s e n t i a l  to 
c a l l y  in a fun c t iona l  

desc r ibe  them approxi -  
t e  noise [ 1 ] ,  a band 
and exponent ia l  fu nc t io n  
d e n s i t i e s  in g e n e r a l ,

The p resent  paper proposes a simple a n a l y t i c a l  model to  de sc r ibe  any general  
spec t ra l  d e n s i ty  of random processes ,  which may be used to e s t ima te  the  responses 
of s t r u c t u r a l  systems e xc i t ed  by such random processes .  This model envelopes the  
s pe c t ra l  de ns i ty  curve with a number of  l i n e a r  segments having r i s i n g  and f a l l i n g  
s lopes  as well as f l a t  po r t i on s  in the  decibel  ve rsus  octave f requency s c a l e .  The 
mean square response of  the  s t r u c t u r e  sub jec ted  to t h a t  e x c i t a t i o n  can be evaluated 
for  such individua l  segments a n a l y t i c a l l y  and the t o t a l  response  can be obta ined by 
summing the responses to  ind iv idua l  segments f o r  a l i n e a r  a n a l y s i s .  For i l l u s t r a ­
t i o n ,  a s p ec t r a l  de ns i ty  having th ree  l i n e a r  segments having a r i s i n g  s lo p e ,  a f l a t  
region and a f a l l i n g  s lope  in the decibel  versus  f requency s ca l e  i s  cons ide red as 
shown in Figure 1. The mean square a c c e l e r a t i o n  response of  a ty p ic a l  dynamic 
system to t h i s  e x c i t a t i o n  i s  evaluated a n a l y t i c a l l y .  The mean square a c c e l e r a t i o n  
response is a l s o  measured exper imen ta l ly  on the  same system by syn thes iz in g  a 
sp ec t ra l  d e n s i t y  of  loading comparable to  t h a t  cons ide red in the a n a l y t i c a l  s tudy .
A j u d ic io u s  comparison o f  the a n a l y t i c a l  and exper imental  mean square  responses  
showed a good agreement thus v a l i d a t i n g  the us e f u lness  of the  proposed model in 
e s t ima t ing  the random responses  of s t r u c t u r a l  systems.

ANALYSIS OVERVIEW

Any shape of  s p e c t r a l  de ns i ty  can be desc r ibed  approximately by enveloping 
the curve with l i n e s  o f  r i s i n g  and f a l l i n g  s lopes  and f l a t  segments in the decibel  
versus  f requency s c a l e .  The r e l a t i o n s h i p  between the  s lope  in the dB/octave,  
s pe c t ra l  de ns i ty  and f r equency,  along such l i n e a r  segments i s  given by

S ( f )  = S ( f j  ( f / f j
N/3 0 )

where

Sx(f)

s lope of  the  l i n e  in dB/octave 

frequency a t  any po in t  along the l i n e  

s p e c t r a l  d e n s i t y  a t  f requency f  

lowest  frequency on the l i ne

S ( f  ) = s p e c t r a l  de ns i t y  a t  f
A X /  X,

The response  s p e c t r a l  de n s i t y  fo r  a s t r u c t u r e  sub jec te d  to random e x c i t a t i o n s  
is given by the  s t andard  r e l a t i o n

where

Sy ( f )  = |H( f ) |2 Sx ( f ) ( 2 )

S ( f )  = ou tpu t  s p e c t r a l  de ns i ty

H(f) = complex f requency response r e l a t i n g  the inpu t  to the outpu t .

The mean square response in the f requency band covered by each segment can be 
obta ined by the r e l a t i o n
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Frequency(Hz.) in octaves --------->-

Fig.  1: P r o f i l e  o f  a Power Spectral  Densi ty  
o f  Exc i ta t io n

f

a 2 -  y* S ( f )  df (3)

where

a 2 = mean square value  

f  = upper frequency l i m i t  on the l i n e .

RESULTS

The above a n a l y s i s  i s  used to e s t imate  the mean square ac c e le r a t i o n  response  
of  a c a n t i l e v e r  beam s tru ctu re  o f  l ength  30 cm and a cross  s e c t io n  o f  2.5 x l . 2 5  cm. 
Only the f i r s t  two modes of  the s t ruc ture  were considered in the a n a l y s i s .  The 
damping r a t i o s  o f  the s t ru c t u re  corresponding to the f i r s t  two normal modes were 
est imated from the frequency response o f  the s tru c tu re  under harmonic e x c i t a t i o n ,  
and were found to be 0 .00625 ,  r e s p e c t i v e l y .  An e x c i t a t i o n  s ignal  having a spec t ra l  
d en s i t y  p r o f i l e  as shown in Figure 1 was employed for  the a n a l y t i c a l  e s t imat ion  and 
for  the experimental  v e r i f i c a t i o n  o f  the  mean square response .  The e x c i t a t i o n  s ignal  
was chosen in such a manner tha t  the two regions  with the non-zero s lopes  contained  
the f i r s t  and second natural f requencies  o f  the s t r u c t u r e .

The root  mean square a c c e le r a t io n  est imated a t  the t i p  of  the s t r u c t u r e ,  when 
the root  o f  the c a n t i l e v e r  was subjec ted  to e x c i t a t i o n ,  was 61.3 g rms using the  
present  approach.  The exper imenta l ly  measured root  mean square a cc e le r a t io n  was 
62 g rms a t  the t i p  showing a good agreement with the a n a l y s i s .
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