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Introduction

S t a t i s t i c a l  models are often used in the analys is  of  v ib ra t ion  leve ls  
of complicated dynamic s t r u c t u r e s ,  p a r t i c u l a r l y  a t  high frequencies when 
the high numbers of  modes involved in the v ib ra t ion  make both the usual 
modal analysis  and also  numerical analys is  unfeasib le .  Results from such 
models often compare favourably with experimental r e s u l t s .  There has been 
l i t t l e  e f f o r t ,  however, to compare the r e s u l t s  from s t a t i s t i c a l  models 
with exact  ana ly t ic  r e s u l t s ,  or to est imate a n a ly t i c a l ly  how well the 
s t a t i s t i c a l  model of the s t ru c tu re  represen ts  the actual s t r u c tu re .

A p a r t i c u l a r  simple coupled-beams s t ru c tu re  i s  considered here 
(Figure 1). The v ibra t ion  analysis  i s  ca r r ied  out  within the framework 
of  s t a t i s t i c a l  energy ana lys is .  In p a r t i c u l a r ,  r e s u l t s  fo r  the power flow 
from one beam to another  are obtained.  An ensemble of  s im i la r  s t ru c tu re s  
i s  constructed by varying the lengths of  the beams. Exact values of  the 
mean and standard devia t ion of  the power flow are ca lcu la ted  fo r  th i s  
ensemble. Approximate r e s u l t s  from s t a t i s t i c a l  models of the s t r u c t u r e ,  
including the s t a t i s t i c a l  energy analysis  r e s u l t ,  are shown to compare 
very well with the exact  r e s u l t s .  Also, the standard devia t ion is  found 
to be su rp r i s ing ly  small .  One concludes t h a t  i t  i s  indeed j u s t i f i a b l e  when 
analyzing complicated dynamic s t ru c tu re s  to model not the s t ru c tu r e  i t 
s e l f  but the s imples t - to -analyze  sample ( in th i s  case the symmetric case 
of  beams of equal length)  from an ensemble of  s t ru c tu r e s  s im i la r  to the 
actual one.

S t a t i s t i c a l  modelling of  dynamic s t ruc tu res

SEA [1] i s  one way of es t imating the dynamical response of complicated 
s t ru c tu re s  to high frequency e x c i t a t io n .  In t h i s  approach the s t ru c tu re  
i s  t r ea ted  as a number of  in t e ra c t in g  component subsystems. The energy 
of  vibra t ion  of each sybsystem is  the var iab le  chosen to define the s t a t e  
of  the system. Other dynamical var iab les  such as acce le ra t ion  or s t r e s s
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are found once the energy i s  known. The word s t a t i s t i c a l  implies  not  
n e c e s s a r i l y  th a t  the e x c i t a t i o n  i s  random but th a t  the parameters d es 
cr ib in g  each subsystem are chosen from a known s t a t i s t i c a l  d i s t r ib u t io n  
o f  s i m i l a r  parameters.  The actual  s tru ctu re  o f  i n t e r e s t  i s  t reated  
as one sample o f  an ensemble o f  s im i l a r  s t r u c t u r e s .

The b a s ic  power f low and energy balance r e l a t i o n s  for  a two subsystem 
case where only one o f  the sybsystems i s  e x t e r n a l ly  e x c i t e d  i s  shown in 
Figure 2.  P represents  power, E represents  the energy o f  the l in e a r  
o s c i l l a t o r s  or modes o f  v ibra t ion  th at  are used to c h a ra c te r i s e  each o f  
the subsystems and N represents  the number o f  modes o f  each subsystem 
taking part in the energy exchange.

The power d i s s ip a t e d  by each subsystem i s  r e la t e d  simply to the  
modal bandwidth A (which may be measured).  For example P-j = A- j N ^ E - j .

One o f  the bas ic  r e s u l t s  o f  SEA i s  th at  a s im i l a r  express ion  can be 
w rit ten  f o r  the power f low between the subsystems:

where A-^ i s  a constant  o f  p r o p o r t io n a l i ty  which depends only on the

dynamical parameters o f  the s t r u c tu r e .  With reasonable assumptions E 
may represent  e i t h e r  the actual  modal en erg ies  o f  the coupled subsystems,  
or the modal energ ies  they would have i f  they were uncoupled but the same 
force s  a c ted ,  although the constant  A ^ ,  o f  c o u r s e , ,  i s  d i f f e r e n t  in each

case .  Resul ts  for  the power f low P ^  between the beams shown in Figure 1

are d iscu ssed  below.

Considerable e f f o r t  has been put in to  e s t im at ing  the value o f  A ^  for

coupling  between various s t ru c tu ra l  components such as beams, p la tes  and 
s h e l l s ,  and in to  comparing the b as ic  SEA r e s u l t s  such as (1) with e x p e r i 
mental measurements. Lyon [1] l i s t s  several  references  on these  t o p i c s .  
Almost a l l  o f  th i s  work i s  concerned with mean value e s t im ates  o f  the  
e n erg ie s  and power f low s .  Some general r e s u l t s  for  the variance o f  these  
es t im a tes  based on assumed d i s t r i b u t i o n s  o f  parameters have been obtained  
[ 1 , 2 ] .  Two aspects  are o f  i n t e r e s t :  the amount o f  s p a t ia l  response con
c en tra t io n  on a p a r t i c u la r  s t r u c t u r e ,  and the accuracy with which the  
s t a t i s t i c a l  model descr ibes  the actual  s t r u c tu r e .  I t  has been shown 
r e c e n t ly  [3 ,4]  th a t  very marked concentrat ions  indeed are found in some 
c a s e s .  On the other  hand, l i t t l e  work has been done to compare SEA r e 
s u l t s  with those  obtained from exact  c a l c u l a t i o n s  for  a p a r t ic u la r  s t r u c tu r e .  
Remmington and Manning [5] compared mean values  o f  power f low with an 
exac t  c a l c u l a t i o n  for  a few parameter values  on a simple system. Smith [6] 
in h i s  reworking o f  SEA from a wave propagation po in t  o f  view has compared 
an SEA r e s u l t  with a p r e c i s e  s t a t i s t i c a l  r e s u l t .  A more complete s t a t i s t i c a l  
treatment o f  the power f low in a simple s tru ctu re  i s  descr ibed below.
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C alcu la t io n s  of  the mean and variance  of  the power flow P-^ shown in

Figure 1 are d iscussed  f o r  a wide range o f  pa rameters .  Three types of  
averaging a re  cons idered ,  ensemble,  s p a t i a l  and frequency,  f o r  two l im i t i n g  
types o f  random f o r c e ,  r a i n - o n - t h e - r o o f  and po in t  e x c i t a t i o n  [7,8] .

Power flow in a beam-beam s t r u c t u r e

A simply supported coupled beam-beam s t r u c t u r e  i s  shown in Figure 1. 
y r e p r e s e n t s  the  t r a n sv e r se  v ib r a t io n a l  displacement response to  the 
d i s t r i b u t e d  t r a n sv e r se  loading f ( x , t ) . The coupling i s  a t  the cen t ra l  
simple suppor t .  The power flow between the beams i s  desc ribed  by the prod
uct  o f  the  bending moment and r a t e  of  change o f  s lope a t  the coupling 
p o in t .  This s t r u c t u r e  was chosen because i t  i s  s u f f i c i e n t l y  complicated 
to e x h i b i t  many of  the multi-modal i n t e r a c t i o n s  inhe ren t  in the SEA 
assumptions y e t  s u f f i c i e n t l y  simple t h a t  an exac t  so lu t io n  can e a s i l y  be 
o b ta in e d ,  a t  l e a s t  w ith in  the l i m i t s  of  the Bernoul1i - E u le r  bending theory .

Two l im i t i n g  types o f  random forces  a re  considered here :  r a in - o n - t h e -  
roo f  where f ( x , t )  i s  white in both space and t ime,  and a po in t  fo rce  a t  
the p o in t  x = z so t h a t  f ( x , t )  = -f ( t )  <5(x-z) where f  ( t )  r e p re sen ts  a 
white no ise  fo rce .  In both cases only beam 1 i s  e x t e r n a l ly  e x c i t ed .

The problem can be solved e i t h e r  in terms of  the simple support -  
simple suppor t  e igenfunc t ions  o f  the beams or  by using a closed  form Green's  
fu n c t io n .  For r a i n - o n - t h e - r o o f  e x c i t a t i o n  the modal fo rces  are  u n co r re la ted .  
This f a c t  was used in [7] to  ob ta in  an e igenfunct ion  expansion fo r  the power 
flow which was subsequent ly  summed. For po in t  e x c i t a t i o n  a closed-form 
Green 's  func t ion  i s  obviously more a p p ro p r ia t e .  A Green's  func tion  f o r  the 
beam-beam s t r u c t u r e  was ob ta ined  in [8 ] by superposing r e s u l t s  fo r  the 
po in t  fo r ce  a t  x=z and an unknown force  a t  the coupling p o i n t ,  and e v a l 
ua t ing  the unknown fo rce  from the  requirement t h a t  the  displacement be 
zero  a t  the  coupling poing.

Expressions f o r  the spectrum of the power f low, or  more s t r i c t l y  f o r  
the frequency decomposition of  t h a t  p a r t  of  the power flow a t  the coupling 
p o in t  t h a t  can be d i s s i p a t e d  in beam 2 can be w r i t t e n  in non-dimensional 
v a r i a b l e s  in the  form

II-io ( “ ) Lq a12 _ r  /  co 2 z_ A_ \ / 9 \
-  fn t —  , t— 5 —  ) (2 )

E1 ' E2 “ T L1 ’ L1 * W1

Here r e p re se n t s  the fundamental resonance frequency of  beam 1 and n the

loss  f a c t o r  which i s  assumed the  same f o r  both beams. The z/L-j dependence

occurs o f  course only fo r  the po in t  e x c i t a t i o n  case.  A/oj, i s  a damping 
lo s s  f a c t o r .

-  40  -



The functional form in (2) is su f f ic ien t ly  complicated tha t  general 
resu l ts  concerning changes in struc tura l  parameters th a t  may be required 
in a design process are not easy to determine. Various s t a t i s t i c a l  averages 
of the spectrum can be considered instead for  given values of the loss 
fac tor .  Frequency averages over oj/ w, are typica l ly  over one-third octave 
or octave bandwidths. Since in many i f  not most cases of practical  in te re s t  
energy exchange between subsystems is  by resonant modes the important 
parameter in frequency averages is not the averaging bandwidth i t s e l f  but 
the number of modes th a t  have resonance frequencies within the band. Aver
ages over can be thought of as ensemble averages. The ensemble of

similar  systems considered here has a uniform d is t r ibu t ion  of between

the values one and two. Spatial averages are taken over the variable z/L-j.

I t  is assumed here tha t  z/L-j is  uniformly d is t r ibu ted  between the values

zero and one.

Numerical Results

Figures 3 and 4 are for  the case of rain-on-the-roof exci ta t ion .
Figure 5 includes resu l ts  for  both types of exci tat ion considered here.
Typical values of the normalised spectrum of power flow are shown in Figure 3 
for  L2=1.4L-j for three values of the loss fac tor  n* The corresponding value

of the modal overlap ra t io  M, the ra t io  of modal bandwidth to average spacing 
between resonance frequencies is also shown. The bars underneath the graph 
show the modal bandwidths for each mode of the uncoupled beams.

The modal nature of the response is seen c lea r ly ,  and i t  is  evident tha t  
a t  low values of the damping the power flow is predominantly by resonant 
mode in terac t ion .  Proximate modes whose bandwidths overlap give high values 
of the power flow spectrum. As the modal bandwidth increases the power 
flow in the octave band shown in Figure 3 increases,  a t  l eas t  in the range 
M < 1. Figure 4 shows th a t  the re la t ion  is in fac t  l inear .  Considerable 
smoothing of the spectrum occurs as M increases. For the case M = 1.2 shown 
the spectrum varies only s l ig h t ly  about a mean value of almost 0.5. The SEA 
resu l t  due to Lotz [9] using Lyon's [1] wave propagation approximation gives 
a value of 0.5 for  th is  problem.

The graphs in Figure 3 emphasise the complicated nature of the function 
in equation (2). Meaningful resu l ts  concerning s t ruc tura l  parameter depend
ence can only be obtained in general terms i f  sui table  average values of the 
power flow are considered.

I t  is shown in references [7] and [8] tha t  some smoothing of the spectrum 
is obtained by ensemble averaging over an "octave" of s t ructures  1 £  *-2 *̂"l— ^ *

Marked peaks in the ensemble spectrum s t i l l  occur near the resonance frequencies 
of beam 1, and i t  is  s t i l l  not easy to determine the e f fe c t  of various s t r u c t 
ural parameters on the r e su l t s .  On the other hand, i f  frequency averages 
are taken, the rain-on-the-roof octave band spectrum is ra ther  insensi t ive  
to changes in L^/L.^.
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Octave band r e s u l t s  f o r  r a i n - o n - t h e - r o o f  e x c i t a t i o n  a re  shown in 
Figures 4 and 5. Frequency averaged values of  the spectrum of power flow 
are p l o t t e d  a g a in s t  the modal overlap r a t i o  f o r  two oc tave  bands. Curves 
l a b e l l e d  1 and 2 in Figure 4 are f o r  10 < w/w-j < 20 and 100< u/co-j < 200,

r e s p e c t iv e ly .  These a re  the exac t  octave band mean values f o r  the ensemble 
1 £  ^/L-j  <_ 2. For M « 1  the curves are the same. In the  region M = 1 and

f o r  M > 1 the re  a re  small d i f f e r e n c e s .  Figure 5 shows the mean ± s tandard  
dev ia t ion  (curve 3) f o r  curve 2,  the dev ia t ion  being over the ensemble 
1 £  L^/L-j £  2. The d ev ia t io n  i s  s u r p r i s i n g l y  smal l .  For curve 2 th e re  are

4.8 resonant  modes in the  octave band. For curve 1 th e re  a re  only 1.3 
resonant  modes. The d e v ia t io n  (not  shown) even in  t h i s  case i s  s t i l l  
s u r p r i s i n g l y  s m a l l .

Several  approximate r e s u l t s  a re  a l so  shown in Figure 4. The SEA r e s u l t  
is  due to Lotz [9] and as expected shows good agreement with the exac t  
r e s u l t s  when the modal overlap  r a t i o  i s  high.  The curves LM and HM are  
approximate r e s u l t s  f o r  the  case L  ̂ . The symmetry in t h i s  case makes

the c a l c u l a t i o n  s imple r .  The curve LM i s  ob ta ined  by conside r ing  only the 
resonant  mode c o n t r ib u t i o n  from the p e r f e c t l y  overlapping modes of  the two 
systems [7]. Curves HM1 and HM2 are obta ined  by assuming t h a t  because of  
the smoothing caused by high modal ove r lap ,  summations over modes can be 
rep laced  by i n t e g r a l s  [7] .

Figure 5 shows s tanda rd  dev ia t ions  o f  the octave band power flow fo r  
the case 100 < oj/ co-j < 200. Curve 2 is  the same as in Figure 4 f o r  the r a i n -

o n - th e - r o o f  e x c i t a t i o n .  Curves 3 are  the mean ± s tandard  dev ia t ion  f o r  t h i s  
case .  Curves 4 are the  mean ± s tandard  d ev ia t io n  f o r  the octave  band power 
flow in the po in t  fo rce  case when l_2 = L-j / T ,  the dev ia t ion  being taken over

the s p a t i a l  average 0 £  z £  L-|. The mean value f o r  t h i s  case i s  so c lose  to

curve 2 t h a t  i t  has no t  been shown. For r a i n - o n - t h e - r o o f  e x c i t a t i o n  the 
smoothing caused by high modal over lap makes the s tanda rd  dev ia t ion  very 
smal l .  High modal overlap  here implies high damping. For M •> 1, the damping 
i s  so high t h a t  the re  i s  app rec iab le  decay o f  waves along beam 1 emanating 
from the po in t  of  e x c i t a t i o n .  For small z th e re  i s  very l i t t l e  energy 
in c id e n t  on the coupling p o in t  so the power-flow through the coupling po in t  
i s  smal l .  On the o th e r  hand,  f o r  z -L-j th e re  i s  cons ide rab le  energy in c id e n t  
on the coupling po in t .  The dev ia t ion  over the s p a t i a l  average thus in c rease s  
as M in c re a s e s .  This decay e f f e c t  f o r  the p o in t  e x c i t a t i o n  case i s  examined 
in more d e t a i l  in r e fe ren ce  [8].

Conclusion

Figures 4 and 5 add cons ide rab le  credence to  the use o f  s t a t i s t i c a l  
models in v ib ra t io n  a n a l y s i s .  Exce l len t  agreement i s  ob ta ined  i f  octave 
band values are cons idered  adequate.  As expec ted  the SEA wave transm iss ion  
r e s u l t  [9] which assumes in  essence t h a t  the beams are  i n f i n i t e l y  long shows 
good agreement with e x ac t  values when the modal overlap  r a t i o  i s  high.
Because the s tandard  d e v ia t io n  i s  so sm a l l ,  a s t a t i s t i c a l  model using equal
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beams and uniformly spaced p e r fe c t ly  overlapping modes shows good agreement 
fo r  a l l  values of  M, although d i f f e r e n t  approximations must be used fo r  M<1 
and M>1. Again provided octave band values are used r e su l t s  fo r  the s p a t i a l l y  
averaged point  force case agree well with those fo r  the r a in -on - the - roo f  
case.

Further work is  in progress a t  UNB extending the r e s u l t s  to more 
complicated s t ru c tu re s  and examining sp a t ia l  concentrat ion of v ibra t ion  
leve ls  along the beams. I t  i s  expected t h a t  t h i s  work will confirm the 
conclusions ou t l ined  above. One may conclude i t  indeed seems j u s t i f i a b l e  
t h a t  when analyzing the v ibra t ion  of a complicated s t ru c tu r e  one may use 
r e s u l t s  obtained from the s implest  to analyze ( fo r  example, a symmetric 
case) sample from an ensemble of s im i la r  s t r u c tu r e s .
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