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ABSTRACT

A One dimensional mathematical teaching model which incorporates many of the 

sound transmission characteristics found in real panels, has been developed.

The model enables the ready formulation of panel velocities and sound pressure 

level ratios for simple and multiple panel systems. The analysis is ideally suited 

for micro computer application.

SOMMAIRE

Un modèle mathématique à une dimension, incorporant plusieurs caractéristiques de 

transmission sonore propres â des panneaux réels a été développé pour des applications 

pédagogiques.

Le modèle permet de calculer les vélocités et le niveau de pression sonore pour

des systèmes de panneaux simples et multiples, 

applications sur micro-ordinateur.

L'analyse s'adapte parfaitement à des
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The t e a c h i n g  of  sound t r a n s m i s s i o n  through windows, w a l l s ,  and pa ne ls  i s  t y p ­
i c a l l y  achieved by p r e s e n t i n g  a s e r i e s  of s imple  models each of  which a t t emp ts  to 
d e s c r i b e  a t r e n d  or  phenomenon observed in p r a c t i c e .

Such models l e a d ,  f o r  example to  a q u a l i t a t i v e  u n d er s t a nd in g  of  t h e  ' S t i f f n e s s  
Cont ro led  R eg i on ' ,  t h e  'Damping Cont roled  Re g i o n ' ,  t h e  'Mass Cont roled Region1, t he  
'Coinc idence  Region,  as a pp l i e d  t o  s i n g l e  l e a f  s ys tems ,  and t h e  'Mass Spring Mass 
Resonance'  encountered  in double  l e a f  systems

The models g e n e r a l l y  i nvolve  i n f i n i t e  pane l s  and c o ns i d e r  the  i n f l u e n c e  of  
i nc i de nc e  angle  upon v a r i o u s  r e s o na n t  f r e q u e n c i e s ,  w h i l s t  in p r a c t i c e  t he  most  
prominent  r esonance  - 'Mass S p r i n g ' ,  ' C o i n c i d e n c e ' ,  and 'Mass Spring Mass ' ,  have 
been found independent  of  ang l e ;  meanwhile t h e  models do not  r e a d i l y  c o n s i d e r  t h e  
i n f l u e n c e  of 'Room E f f e c t s ' ,  ' M ul t i p l e  P a n e l s ' ,  ' M u l t i p l e  Resonance ' ,  ' Absorbent  
l a y e r s ' ,  s i n c e  t h e i r  i n c l u s i o n  i s  u s u a l l y  accompanied by compl ica ted  a n a l y s i s  and 
i n t e r p r e t a t i o n ,  however each of  t h e s e  f a c t o r s  may d r a s t i c a l l y  change t h e  m a n i f e s t a t ­
ion of  a ' R e g i o n ' ,  or  'Resonance C o n d i t i o n s ' .  In consequence a need e x i s t s  t o  
expand t he  ' r e p e r t o i r e '  of  model types  w h i l s t  avoiding t he  c o m p l e x i t i e s  of  model 
f o rm u la t io n  and a n a l y t i c a l  i n t r a c t a b i l i t y .

In an a t t empt  t o  s a t i s f y  t h e s e  r e qu i re me n ts  an a n a l y t i c a l  s t r u c t u r e  and p r o c e d ­
ure based upon t h e  work of Nest rov [1]  i s  developed which t h e  s t u d e n t  may employ t o  
g e n e r a t e  f o r m u l a t i o n s  in a s imple  manner,  f o r  models r a ng i ng  from t h e  most r u d i m e n t ­
ary t o  compl ica ted  m u l t i - f a c e t e d  systems;  t he  a n a l y t i c a l  procedure  developed i s  
capab l e  of  implementat ion on micro computer sys tems and a pp l i ed  in t h i s  way wi l l  
a s s i s t  in r e l i e v i n g  problems a s s o c i a t e d  wi th a n a l y t i c a l  i n t r a c t a b i l i t y .

The p r e s e n t  a n a l y s i s  i s  g e n e r a l l y  conf i ned  t o  one dimensional  c o n s i d e r a t i o n s  
p a r t i c u l a r l y  wi th r e s p e c t  t o  i n c i d e n t  a i r  born waves,  t h u s  co mp le xi t y  of  a n a l y s i s  i s  
eased,  however the  concept  and i n f l u e n c e  of  two dimensional  panel v i b r a t i o n  i s  
in t r oduc ed  f o r  i l l u s t r a t i v e  purposes .

1. INTRODUCTION

2. BASIC TERMS AND EXPRESSIONS

2,1 THE WAVE EQUATION

The one dimens ional  form of  t h e  a c o u s t i c  wave e q u a t i o n  may be w r i t t e n  a s ,  [ 2 ] :

1 d2̂
(1)

dx7 c02 d F

where
co

i s  t h e  v e l o c i t y  p o t e n t i a l

i s  t h e  v e l o c i t y  of  sound in t h e  medium 
a s p a t i a l  c o o r d i n a t e
t ime

x
t

Conf ining a t t e n t i o n  t o  t h e  s t e a d y  s t a t e  harmonic form,  t h a t  i s
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where “  i s  t he  angula r  f o r c i ng  f requency.
Equat ion (1) may now be r e w r i t t e n  a s : -

d V d x 2 + k2^ = 0  (2)

where k i s  t he  wave number (k = w/ c 0 ) .

The wave equa t i on  i s  here  exp re ssed  in terms of  t h e  v e l o c i t y  p o t e n t i a l  ‘ 'I'1 t o  
f a c i l i t a t e  t he  d e r i v a t i o n  of  ex p re s s io n s  f o r  p r e s s u r e  and p a r t i c l e  v e l o c i t y  v i a  t he  
r e l a t i o n s h i p s : -

V = d’I'/dx (3)

where V i s  t he  a c o u s t i c  p a r t i c l e  v e l o c i t y  

and P = - P d'P/dt

which,  f o r  t h e  s t e ad y  s t a t e  harmonic case  y i e l d s : -

P = -  j  p4  (4)

where P i s  t h e  exces s  o r  a c o u s t i c  p r e s s u r e
p i s  t h e  d e n s i t y  of  t he  propoqat i ng  medium

Non t r i v i a l  s o l u t i o n s  of  t he  wave equa t i on  may be expressed in severa l  ways; one 
common form of  s o l u t i o n  t o  equa t i on  (2) b e i n g : -

t  ,  A ej ( “t  - kx)+ Bej ( » t  + kx) (5)

where A and B are  t he  wave ampl i tudes  of  two d i s t i n c t  plane waves t r a v e l l i n g  in 
op p o s i t e  d i r e c t i o n .  t he  wave ampl i tudes  a re  determined by having equa t i on  (5) 
s a t i s f y  t he  p r ev a l e n t  boundary c o n d i t i o n s .

An a l t e r n a t i v e  form of  s o l u t i o n  t o  equa t i on  (2) may be w r i t t e n  a s : -

ÿ = [A cos (kx)  + jB s i n ( k x ) ] e  ^  (6)

where A and B a r e  a l so  determined from t h e  a p p l i ed  boundary c o n d i t i o n s .

The common t ime dependence ejUt  w i l l  subsequen t l y  be ommitted f o r  b r e v i t y .

2 .2  IMPEDANCE

S p e c i f i c  Acous t i c  Impedance Z

Z i s  de f i n ed  as t h e  r a t i o  of  exces s  p r e s s u r e  ' P 1 a t  a po in t  t o  t h e  a c ou s t i c  p a r t i c l e  
v e l o c i t y  'V' a t  t h a t  p o i n t ,

t hu s  Z( x ) = P(x) /V(x)  (7)
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For example, in the case of a po s i t iv e  going plane wave as descr ibed by the 
f i r s t  term on the r i g h t  hand s ide of equat ion (5) one can,  by u t i l i s i n g  the  
r e l a t i o n s h i p s  shown in equat ions  (3) and (4) ,  show th a t

Z(+) = Pco (8)

where the  index (+) in d ic a t e s  a p o s i t i v e  t r a v e l l i n g  wave.

S im i l a r l y ,  fo r  the  negat ive  t r a v e l l i n g  wave descr ibed by the  second term on the 
r i g h t  hand s ide of equat ion (5) ,

Z(_) = - Pc0 (9)

where th e  index ' (-)  ' i n d i c a t e s  a negat ive  t r a v e l l i n g  wave 

Normalised Impedance Z'

V  i s  def ined as the  r a t i o  of the s p e c i f i c  impedance to  t h a t  of a s tandard  
impedance.

A common ' s t andard  impedance'  i s  t he  ' c h a r a c t e r i s t i c  impedance'  of a i r  ' Pc0 ' . 

Mechanical Impedance Zm

Zm i s  def ined here as th e  r a t i o  of  the  v ib r a to r y  fo rce  ' F ' per  u n i t  area ac t ing  on a 
sur face  to  the  v ib r a to r y  v e l o c i t y  'V' of the  sur face  caused by t h a t  force

thus .  Zm = F/V (10)

In the case of a panel caused to  v ib r a t e  by acous t i c  p res sures  act ing on e i t h e r  s ide 
of  i t ,  one may w r i t e : -

Zp  = (PL - PR)/VP (11)

where Zp i s  tha panel impedance
P|_ i s  the p res su re  ac t ing  on the  l e f t  s ide  of the  panel
Pr i s  the  p res su re  act ing on the  r i g h t  s ide  of the  panel
Vp i s  the  panel v e l o c i t y

3. BASIC MODEL AND ANALYSIS

t hThe basic  model c o n s i s t s  of the  i and (i+1) v i b r a t i n g  panel separat ed from 
each o the r  by a d i s t a nc e  d-j and forming pa r t  of  ' n ' v i b r a t i n g  panel s  in s e r i e s  as 
shown i n Fi gure (1).
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Z,

"PR,

Panel  1 i ) 

Z Pi

Vp.

Panel ( i 1 1 )

Z p , * ,

V p , . ,

x = 0 x = d i

Figure 1 ~ Model describing parameters fo r  the interspace 

betw een vibrating panels

With r e s p e c t  t o  Figure  (1) t h e  i n d i c e s  1 i 1 and 1 i + 1 1 denote  'wi th r e s p e c t  t o  given 
p a n e l 1, and f o r  each panel

P|_ i s  t h e  a c o u s t i c  p r e s s u r e  developed on t h e  l e f t  

P r  i s  t h e  a c o u s t i c  p r e s s u r e  developed on t h e  r i g h t  

Z|_ i s  t h e  t o t a l  impedance of  t h e  system t o  t h e  r i g h t  o f  
and i n c l u d i n g  t h e  given panel  

Zr i s  t h e  t o t a l  impedance of  t h e  system t o  t h e  r i g h t  of 

t h e  given panel 
Zp i s  t h e  p a n e l ' s  mechanical  impedance

VP i s  t h e  p a n e l ' s  v e l o c i t y  
and Ÿ i s  t h e  v e l o c i t y  p o t e n t i a l  between p a n e l s

3 . 1  THE ANALYSIS

Cons ider  in t h e  f i r s t  i n s t a n c e  t h e  f o r c e s  a c t i n g  on t h e  i+1 panel .
R e c a l l i n g  e qu a t i o n  (11) and r e w r i t i n g

Vp1+1 = <Pl 1+1 - PR1+1) / Z p 1+1 (12)

Re c a l l i ng  a l s o  e qu a t i o n  (7) and c o n s i d e r i n g  t h e  r i g h t  hand s u r f a c e  of  t h e  i+1 
panel  : -

Pr 1+1 = Vp,+1 . ZRl+1 (13)

S u b s t i t u t i n g  e q u a t i o ns  (13) i n t o  e qua t i on  (12) y i e l d s  

p L i + l  = VPi+1 • ( Z p .+1 +  ZR . + 1 )

o r ,  again n o t ing  e qua t i on  (7)

Zi . . = Z p .  , + Zr . 1 (14)
h + l  pi + l  kt+1 v ;
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Si nce  no assumption has been made concern ing  the  nature  o f  Zr ..+  ̂ one may g e n e r a l i z e  

the  r e s u l t  shown in e quat ion  (14) by w r i t i n g

Z|_i = z Pj + z R-j ; i  = l , 2 , 3  . .  .n (15)

Consider  now the  v e l o c i t y  p o t e n t i a l  deve loped between t he  i^h and ( i+1)  pa ne l s .  

R e c a l l i n g  equat ion ( 6 ) ,  one may w r i t e  t he  v e l o c i t y  p o t e n t i a l  as

= A-jCOs(kx) + j B - j S i n ( k x )  f or  O ^ x ^ d i  (16)

Not ing the r e l a t i o n s h i p  between v e l o c i t y  p o t e n t i a l  and p a r t i c l e  v e l o c i t y  shown in 
equat ion ( 3 ) ,  one may form t he  boundary c o n d i t i o n s : -

( dl )  = Vp and (4*)  =Vp (17)
dx x=0 1 dx x=d, + 1

Applying t h e  boundary c o n d i t i o n s  o f  e qu a t i on s  (17) t o  e quat ion  (16) y i e l d s

tP = Vp. a c o s ( k [ d i - x ] )  _ Vp_ . cos (kx)  (18)

i k s i  n ( kdn- ) k s i  n(kd-j )

Applying t he  r e l a t i o n s h i p  o f  equat ion (4) t o  equat ion  ( 1 8 ) ,  one may form an e x p r e s s ­
ion f or  the  pr e s sure  at any po i nt  'x ‘ between t he  pane l s  a s : -

c o s ( k [ d - j - x l )  c o s ( k x )  .
p i ( x )  - - Vp, • j o c o  • ------+ VPi+ l '  JPC° ■  — 7~r, (19)

s i n ( kd - j  ) s m ( k d - j  )

or,  s e t t i n g  x = d-j in equat ion (19)

Pi ( x=di )  = PLi+1 = VPj • ZBj -  Vpj + 1 - ZA, (20)

where ZA, = -j pc0 c o t ( k d i )  and Zg. = -j Pc0 cosec(kd- j )

Now, Vpi+1 = PLi+1 /  ZLi+1 (21)

thus  r e p l a c i n g  Vp^+  ̂ in e quat ion  (20) by e quat i on  (21) one f i n d s

PLi+1 = Vp, • ZBl • ZLl+1 / ( Z Al + ZLj +1) (22)

or r e p l a c i n g  PLi +  ̂ from e quat ion  (22) i n t o  e quat ion  (21)

Vp1+1 = ZBl • V p ,  / ( Z A, + ZL i + 1 ) (23)

s e t t i n g  x = 0 in  e quat i on  (19)

P, (x=0) = PR, = ZA, • Vp, -  ZB, . Vpi+1 (24)
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Replacing Vp. , from equat ion (23) in equat ion (24) y ie ld s  
"Î ■ 1

Pr, = vPi Lza, - z | f /(ZAj + zLl+1)] ( 2 5 )

and f i n a l l y ,  forming the  impedance Zr  ̂ , and r ea r ra ng ing ,  thus

ZR-j = PRi/VPi = ZAi “ Z l i / (Z Ai+ ZLi+1) (26a)

where Z/^ and Zg.. are defined a f t e r  equat ion (20).

Equation (26a) expresses  the  impedance r e l a t i o n s h i p  in a form s u i t a b l e  for  de r iv ing  
the r e c u r r in g  f r a c t i o n  one may develop to  express  the  impedance of  a multi l ayered 
system, Nestrov [1] .

By re  ar ranging t r igonomet r ic  terms and u t i l i s i n g  normalised impedance one may 
express  equat ion (26a) a s : -

where V  r e p r e se n t s  the  normalised impedance Z / p c 0

Equation (26b) may be recognised as a gene ra l i sed  input  impedance, s imi la r  to  the  
case of a pipe t erminated by an impedance Z[_, Kins ler  and Frey [2, Chapter 8 .7 ] ;  
a l so  t h i s  mathematical  form e l imina tes  ' removable s i n g u l a r i t i e s '  and thus is  b e t t e r  
su i t ed  f o r  computat ional  purposes.

In sunmary, the  input  impedance to  the  l e f t  of any panel su r face  may be expressed 
v ia  equat ion (15) as the  sum of the  mechanical ' i n  vacuo1 impedance of the  panel and 
the  p re v a i l i n g  impedance to  the  r i g h t  of the  panel su r fa ce ;  in add i t io n ,  the  imped­
ance to the  r i g h t  of the panel sur face  may be expressed v ia  equat ions  (26) in terms 
of the  input  impedance to  the  next  panel on the  r i g h t  and the  c h a r a c t e r i s t i c s  d e f i n ­
ing t h e i r  s ep a ra t ion ,  namely the d is t ance  between panels and the c h a r a c t e r i s t i c  
impedance o f  the  sepa ra t ing  medium.

Thus, by p rogress ing  panel index 1i ‘ and by success ive  c ross  s u b s t i t u t i o n  fo r  Z r . 

or Z|_.j+  ̂ between equat ions  (15) and (26) ,  one may develop comprehensive formula t ions
fo r  the  impedance on e i t h e r  s ide  of any panel wi th in  the  v ib ra t i n g  system.
In may ins t an ces  i t  wil l  be found expedient  to develop ove ra l l  equat ions  in r ever se  
o rde r ,  t h a t  i s  s e t  t he  panel index to  i = n and determine ZRn from equat ion (26); 
s u b s t i t u t e  ZRn in to  equat ion (15) and determine Z[_n ; repeat  the  procedure success ­
ive ly  f o r  i = n - l ,  n-2,  e t c .  u n t i l  t he  whole system has been analysed.  Natura l ly  t h i s  
procedure r e qu i r e s  a knowledge of,  or assumption concerning the te rminat ion imped­
ance Z|_ to  begin and success ive  panel impedance terms ZPl- to  cont inue .

zRi = (ZLi+1 *c os ( k * d i ) + j s in (k * d i ) ) / ( c o s (k * d i ) + jZ L.+1*s in (k ’ d i ) ) (26b)
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3.2 CAVITY TERMINATION IMPEDANCE - Z. ,
________________________________Ln+1

The c a v i t y 's  te rm ina t ion  impedance 1 ^ ' w i l l  be found in  p rac t ice  to  l i e  between 

condit ions given by surface n+1 being non e x is ta n t ,  and, being a c o u s t ica l ly  hard.

a) Surface n+1 does not ex is t  (completely t ra n s m it t in g )

Under th is  cond i t ion ,  zLn+;[ = Pc0 which upon s u b s t i tu t io n  in to  equation (26a) 

y ie ld s

Z r „  *  » c 0 t 2 7 )

b) Surface n+1, a c o u s t ic a l ly  hard (completely r e f l e c t in g )

Since Vn+i  = 0, zLn+i  = 00 hence by s u b s t i tu t io n  in to  equation (26a)

zRn = zAn = “ J Pco cot (kdn) (28)

c) Surface n+1, r e f l e c t in g  and absorbing or t ra n sm it t in g

In general,  Z[_n+1 -  Rn+i  + j  Xn+i  (29)

where Rn+ i is  a r e s is t i v e  component

and Xn+i  is  a reac t ive  component

For example, consider the case of an absorbent mater ia l  l i n i n g  an a c o u s t ic a l ly  hard 
backing wal l .  The input impedance at the surface o f the absorbent mater ia l  may be 
w r i t te n  in a manner s im i la r  to equation (28), except th a t  the c h a ra c te r is t i c  
impedance and wave number of the propogation medium w i l l  now be complex, Beranek [3, 
Chapter 10 .4 .4 ] ,  th a t  i s ,

zLn+ i = ~ Jzo *co t (k0* t ‘ ) (30)

where

Z0 = R0 +jX0 (A complex c h a ra c te r is t ic  impedance) (31)

k0 = ^ - J a (A complex wave number)

and t 1 is  the th ickness o f  the absorbent mater ia l  (meters)
Equation (30) may now be re w r i t te n  in hyperbo l ic  form as:-

zLn+l  = (Ro +J'xo) ’ coth ( [ “  +J 3 1  ) (32)

or by expanding the hyperbolic  func t ion  with  complex argiment in to  i t s  real and 
imaginary parts [ 4 ] ,  th a t  is

zLn+i  = (Ro +J’xo) [s i  n h (2 « t ' ) - j s i  n(23t '  ) ] / [ c o s h (2 “ t ‘ ) -cos(23t '  ) ]  (33)
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Equat ion (33) may now be expressed  in i t s  r ea l  and imaginary  p a r t s  a s : -

^Ln+1 = Rn+1 +J^n+1 (34)

where Rn+ i  = [R0 * s inh(2<* t ' ) +X0 * si  n ( 2 3 t 1) ] / [ c o s h ( 2 “ t ‘ ) - c o s ( 2 3 t ' ) ]  

and Xn+i  = [X0 * s i n h ( 2 » t l ) -R0 * s i n ( 2 3 t '  ) ] / [ c o s h ( 2 “ t '  ) - cos (2&t '  ) ]

Z(_n + i m a y  now be substituted directly into equation (26b) to determine Z^n .

Most cases  of  p r a c t i c a l  i n t e r e s t  wi th  r e s p e c t  t o  abs o r ben t s  may be developed in a 
s i m i l a r  f a s h i o n .

3.3 PANEL IMPEDANCE

The p a n e l ' s  mechanical  impedance 'Zp'  may be p r e s e n te d  in  a nunber o f  ways depending 

upon t h e  c h a r a c t e r i s t i c  behav iour  being demons t ra t ed

i) Massive Wall

In th e  event  t h a t  t h e  wall  mass c o n t r o l ' s  t h e  t r a n s m i s s i o n  of  sound over  t h e  
f r eq uen cy  range of  i n t e r e s t : -

Zp = j “> M (35)

where M i s  t h e  panel  mass per  u n i t  a r ea

The impedance te rm o f  eq ua t i o n  (35) w i l l  l ead  t o  an a p p r e c i a t i o n  o f  th e  t r a n s m i s s i o n  
lo s s  c h a r a c t e r i s t i c  r e f e r e d  to  as th e  "Mass Law".

i i ) Mass Control  p lus  Coincidence E f fe c t

The co i nc id en c e  e f f e c t ,  f i r s t  d es c r ib e d  by Cremer [5]  and based upon a matching 
o f  a i r b o r n  and panel  t r a v e l l i n g  waves,  l e ad s  to  an impedance ex p res s io n  which 
may be w r i t t e n  a f t e r  Beranek [6,  Chapter  1 3 . 7 ] ,  a s : -

2
Zp = j'-' M.cos(9)  [1 - - ■ s i n  ( e ) ]  (36)

c 0 M

where: i s  t h e  angle of  in c id en ce
B‘ i s  t h e  complex p l a t e  bending s t i f f n e s s  B( l+ jn )
B i s  t h e  p l a t e  bending s t i f f n e s s  (Eh / I 2)

i s  t h e  i n t e r n a l  damping f a c t o r  o f  t h e  panel  m a t e r i a l  
as given from a complex Youngs modulus 

E i s  Youngs Modulus of  t h e  panel  m a t e r i a l  
and,  h i s  t h e  panel t h i c k n e s s

i i i ) Modified Coincidence Concept

I t  has been shown by Bha t t ac ha r ya  e t  al [ 7 ] ,  t h a t  co i nc i den ce  in a ' r e a l '  panel 
in t h e  p res en ce  o f  a backing room i s  caused by a compli ca t ed  matching of  panel  
and room s t and ing  waves in th e  p resence  of  s t rong  coup l ing  f a c t o r ' s ,  in con­
sequence i t  i s  not  angle  of  in c id en ce  dependent  and i t  can occur a t  normal
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inc idence ( e = 0) e x c i t a t i o n :  i t  does however occur at  the  fundamental frequency 
p red ic t ed  by equat ion (36),  t hus ,  fo r  r e p r e s e n t a t i v e  purposes only,  one may re  
w r i t e  the  mass impedance term of equat ion (36) as:

Z = j  wm[l - (w/u)C) 2 (1+jn)]  (37)

2
where wc = c0 ^M/B and i s  the  fundamental coincidence  frequency

iv) Sprung Wall

In an at tempt to  b e t t e r  r ep resen t  the  c h a r a c t e r i s t i c s  of a v i b r a t i n g  panel 
Foxwell and Frankl in  [8] employed a mechanical mass, spr ing,  and damper model, 
f o r  which:-

Zp = C + j  (ID M - K/W) or Zp = C + j  (DM [ l - ( tup/aj)2] (38)

where C is  the  panel damping constant
K i s  the  p a n e l ' s  spr ing s t i f f n e s s  con s tan t

and = v' k/M, the  p a n e l ' s  in vacuo mass spr ing resonance .

The impedance term of  equat ion (38) wi l l  lead to  an ap prec ia t ion  of t ransmiss ion  
loss  c h a r a c t e r i s t i c s  r e fe re d  to  as ' S t i f f n e s s  C on t r o l1, Damping C o n t ro l ' ,  and 'Mass 
Co n t ro l ' .

v ) Mult iple  Panel Resonance

Mul t ip l e  'Mass-Spring'  resonance wil l  be encountered in ' r e a l '  panels  and t h e i r  
frequency wil l  depend upon the panel c h a r a c t e r i s t i c s  such as s i ze  and boundary 
cond i t io ns .  In general  each resonance or ' e i g e n ' frequency wil l  have an a ssoc ia t ed  
impedance term and th e  sum of such terms wi l l  be s im i l a r  to  the  ad d i t ion  of  r e s i s t ­
ance in p a r a l l e l ;  the  impedance wil l  also depend upon the s p a t i a l  nature  of the 
fo rc ing  func t ion  and upon the  locat ion  considered on the  panel su r face  which i s  
gene r a l l y  evidenced by the panel ve lo c i t y  being coordina te  dependent ,  thus for  
i l l u s t r a t i v e  purposes i t  is  necessary  to  cons ide r  an average impedance based upon 
su r face  averaged panel v e l o c i t i e s  and fo rc es .  The su r face  average impedance for  the  
case of a simply supported panel subjec ted to  normal inc idence  e x c i t a t i o n  may be 
w r i t t en  from re fe re nc e  [9,  Appendix I ] ,  a s : -

1/Zp -  4 . ( 2 / n ) ‘t Ï  ”  l / ( q r ) 2 Zqr (39)
q=l r=l

where Zqr  = j  [l-(Wqr /u>)2] and i s  the  qr th  'modal '  impedance

“qr  = n2 (3' /M)2 [ ( q / b ) 2 + ( r / c ) 2 ] and i s  the  qr^h panel
' e igen '  f r equency 
b i s  the  panel length 
c i s  t he  panel breadth 
q i s  a modal in t e g e r ,  q = 1 ,3 ,5  e t c .  
r  i s  a modal i n t e g e r ,  r  = 1 ,3 ,5  e t c .  
n 3.142 ...........
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I t  may be noted t h a t  panel damping i s  now i n c o r p o r a t e d  wi th in  t h e  ex pr es s io n  f o r  
' e i g e n '  f r e q u e n c y ,  by way of  t h e  i n t e r n a l  damping f a c t o r  occur ing  w i t h i n  t h e  bending 
s t i f f n e s s  B ' .

The s e r i e s  summation of equa t ion  (39) converges  q u i t e  r a p i d l y  f o r  terms inv o lv in g  
e igen  f r e q u e n c i e s  “ qr  g r e a t e r  than t h e  e x c i t a t i o n  f req u en c y  in  a d d i t i o n  one may 

n o te  t h a t  t h e  s e r i e s  summation 4 x (2/n)  £ l / ( q r )  = 1.
These f e a t u r e s  may be employed to y i e l d  computa t ional  economies.

3.4 PRESSURE AND PANEL VELOCITY

The v e l o c i t y  of  any panel  may be w r i t t e n  in te rms of  p r e s s u r e  and impedance v i a  t h e  
r e l a t i o n s h i p s  shown in e q ua t i o ns  (7) and ( 11) ,  t h a t  i s : -

Vp-j = PL i /ZLi = PR-j/ZRi = (PLi -  PRi ) /Zpi (40)

Also,  from e qua t ion  (23)

Vpi+1 = VPi • Z6 i / ( Z Ai+ ZLi+1) , i = 1 t o  n-1 (41)

Thus,  e q u a t i o n s  (40) and (41) wi l l  al low any p r e s s u r e  r a t i o  or r a t i o  of p r e s s u r e  to 
panel  v e l o c i t y ,  t o  be de termined .

Equation (19) may be employed to  de t ermine  the  p r e s s u r e  a t  any p o in t  between 
v i b r a t i n g  pan el s  or  between t h e  l a s t  panel  and t h e  systems t e r m i n a t i n g  impedance.

3.5 SOUND PRESSURE RATIO

As a measure o f  a panel  s y s t e m ' s  per formance ,  a sound p r e s s u r e  r a t i o  (SPR) may be 
employed,  t h a t  i s  :-

SPR = 20 Log10 ( | P i 11/ 1PRn| ) (42)

where | P i 11 i s  t h e  p r e s s u r e  ampl i tude of  t h e  i n c i d e n t  p r e s s u r e  wave on 
t h e  l e f t  hand s i d e  of  t h e  f i r s t  panel .

and |Prp I i s  t h e  p r e s s u r e  ampl i tude on t h e  r i g h t  hand s id e  of 

the  n^h panel

The sound p r e s s u r e  r a t i o  as d ef in ed  in eq ua t io n  (42) i s s i m i l a r  t o  t h e  term ' T r a n s ­
mi ss i on  Loss '  based upon a r a t i o  of i n c i d e n t  i n t e n s i t y  to  t r a n s m i t t e d  i n t e n s i t y ;  
t h i s  s i m i l a r i t y  becomes ex ac t  when t h e  p r e s s u r e  wave on t h e  t r a n s m i t t e d  s i d e  o f  t h e  
n̂ -h panel i s  f r e e l y  propogated;  however t h e  r a t i o  of p re s s u r e s  employed here 
avoids  c o m p l e x i t i e s  a s s o c i a t e d  with t h e  d e f i n i t i o n  of i n t e n s i t y  in the  compl ica ted  
sound f i e l d s  caused by t h e  pr es ence  of  backing w a l l s  or  rooms,  w h i l s t  s t i l l  p r o v i d ­
ing a s t r o n g  i n d i c a t o r  of  performance as might  s u b j e c t i v e l y  be judged.

For th e  p r e s e n t  a n a l y s i s ,  i t  i s  nece s sa ry  to  deduce a r e l a t i o n s h i p  between the 
i n c i d e n t  p r e s s u r e  ampl i tude ' P i '  and t h e  t o t a l  p r e s s u r e  on t h e  s u r f a c e  of  i n c i d e n c e  

PLi-
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P r oc ee d in g  in a manner shown by R i c h a r d s  and Mead [ 1 0 ] ,  t h e  t o t a l  p r e s s u r e  on t h e  
i n c i d e n t  s u r f a c e  may be w r i t t e n  a s : -  = P i '  + Pr '  + Pr r

where  P i '  = i n c i d e n t  p r e s s u r e  wave
Pr '  = r e f l e c t e d  p r e s s u r e  wave
Pr r  = r e - r a d i a t e d  p r e s s u r e  wave c a u s e d  by pane l  v i b r a t i o n  

Via e q u a t i o n  ( 9 ) ,  one may w r i t e  t h e  r e  r a d i a t e d  wave a s : -

Pr r  = -  Pc0 * \ l p1 and,  g i v en  t h a t  0 P r ' ^ . P i  ' ,

as a f i r s t  a p p r o x i m a t i o n  P r 1 = P i '  t h u s  P[_  ̂ = 2p-j ' -  Pc0 *Vp^

o r  r e p l a c i n g  P[_̂  by t h e  p r o d u c t  o f  panel  v e l o c i t y  and i n p u t  impedance ,  one may 

w r i t e : -
P i ' = VPl  * (ZLl + p c 0 ) / 2  (43 )

4 . APPLICATIONS

In o r d e r  t o  i l l u s t r a t e  t h e  use  of  t h e  f o r g o i n g  a n a l y s i s ,  t h r e e  c a s e  s t u d i e s  w i l l  be 
c o n s i d e r e d .

1. S i n g l e  l e a f  panel  backed by a c a v i t y
2. Double l e a f  panel
3.  M u l t i p l e  l e a f  panel

4 .1  VIBRATING PANEL BACKED BY A CAVITY

<-r 2

Panel 1 

Impedance Z?1

Velocity V?1

x = 0

I
Surface 2 

Input Impedance Zi_2

x = d,
I

F ig u e  2 -  Model describing parameters for a  vibrating panel backed by a cavity.

The model o f  F i g u r e  (2) c o n s i s t s  o f  a pane l  c a p a b l e  o f  v i b r a t i o n ,  backed  by a c a v i t y  
o f  dep th  d i . The b a c k i ng  c a v i t y  i s  t e r m i n a t e d  by a s u r f a c e  ha ving  an as y e t  
a r b i t a r y  i n p u t  impedance  1\_2 -

E q u a t i o n s  (15) and (26b) may be a p p l i e d  t o  d e t e r m i n e  t h e  s y s t e m ' s  i n p u t  impedance  
Z[_l s  t h a t  i s

Zl i = ZPT + ZR1 ( 4 4 )
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zl_2 c o s ( k d i )  + j  Pc0 s i n ( k d i )  
where  Zrx = --------------------------------------------------------  (45)

Pc0c o s ( k d i )  + j  Z[_2 s i n ( k d i )

The sound p r e s s u r e  r a t i o  may be w r i t t e n  f rom e q u a t i o n  (42) a s : -

SPR = 2 0 . 1 og 10 ( | P i ' | / | P R i | ) (46)

s u b s t i t u t i n g  f o r  Pr x = Vp1*Z^1 f rom e q u a t i o n  ( 40 ) ,  and P-j f rom e q u a t i o n  (43) i n t o

e q u a t i o n  ( 4 6 ) ,  and e x p r e s s i n g  impedance  t e r ms  i n  t h e i r  ' n o r m a l i s e d '  f orm,  t h e  sound 
p r e s s u r e  r a t i o  may now be w r i t t e n  as :

SPR = 20 l o g 10 | ( Z p x + Zr x + l ) / 2  Zr x | (47)

Zr x w i l l  be d e r i v e d  f rom e q u a t i o n  (45)  upon c o n s i d e r a t i o n  o f  t h e  t h r e e  c h o i c e s  f o r  

t h e  n o r m a l i s e d  t e r m i n a t i o n  impedance 1\_2 deduced from e q u a t i o n s  ( 2 7 ) ,  ( 2 8 ) ,  and 

( 29) .  For example  c o n s i d e r  t h e  n o r m a l i s e d  form o f  e q u a t i o n  ( 2 9 ) ,  l[2 = R2 + j  X2 , 

( p a r t i a l l y  r e f l e c t i n g  and a b s o r b i n g )  which upon s u b s i t u a t i o n  i n t o  e q u a t i o n  (45) 
y i e l d s

Zn = R2 * c o s ( k d i )  + j  [ s i n ( k d i )  + X2 , c o s ( k d i ) ]

[ c o s ( k d i )  -  X2 * s i n ( k d i ) ]  + j  R2 * s i n ( k d i )

where d i  i s  t h e  d i s t a n c e  f rom t h e  v i b r a t i n g  panel  t o  t h e  b e q i n i n g  o f  t h e  
a b s o r b i n g  and r e f l e c t i n g  l a y e r .

I f  t h e  n o r m a l i s e d  t e r m i n a t i o n  impedance  Z[_2 i s  due t o  an a b s o r b e n t  m a t e r i a l  l i n i n g

an a c o u s t i c a l l y  ha r d  b ac k i ng  w a l l ,  R2  and X2  above wi l l  be e x p r e s s e d  by t h e  n o r m a l ­
i s e d  form o f  R and X d e f i n e d  a f t e r  e q u a t i o n  ( 3 4 ) .

4.2 DOUBLE LEAF PANEL

-  R1

PL,

-  R 2  

Zl ,

► ‘-R,

Zl,

Ponel 1

Impedance Z pi 

V e lo c i ty  V pi

h r xx = 0

Panel 2

Impedance Z P 2  

Velocity VP 2

x = d.

Termination s u r f a c e  3

Figure 3 -  Model describing p a ra m e te r s  for a  double leaf panel s y s t e m .
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The model of Figure (3) consis ts  of two v ib ra t in g  panels separated by an a i r  gap of 
width d i .  To the r i g h t  and at a distance o f d2 from the second panel, ex is ts  a 
te rm ina t ion  surface having an a rb i ta ry  input impedance Zl 3:

The sound pressure r a t i o  f o r  the model of Figure (3) may be w r i t te n  from equation 
(42) as:-

SPR = 20 log10 ( | P i 1| / 1PR2 1) (49)

where P-j i s  the inc iden t  pressure

and Pr2 i s  the pressure to  the r i g h t  o f  the second panel 

The inc iden t  pressure P-j1 may be w r i t te n  d i r e c t l y  from equation (43) th a t  

is P i '  = VPl (ZLl + p c 0 ) / 2

w h i ls t  the pressure e x is t in g  the r i g h t  o f  the second panel may be w r i t te n  from equa­
t io n  (4Û) as:-

Pr2 = Vp2 * Zr2 (50)

The second panel v e lo c i t y  Vp2 may be w r i t te n  in  terms o f  the  f i r s t  panel v e lo c i t y  
Vp1 v ia  equation (23), and the impedance to  the r i g h t  o f  the  second panel Zr2 may 
be expressed in terms o f  the te rm ina t ion  impedance Z|_3, v ia  equation (26a); th u s : -

Pr2 = vPi [Zb i / (Z a i +Zl 2) ] [ Z a2-Zb2/(Z a2 « L3) ]

or,  rearanging terms

Pr2 = vPl i Z A 2[ Z B i / ( Z A i + Z L 2 ) ] - Z B 2 [ Z B l / ( Z A l + Z L 2 ) ] [ Z B 2/ ( Z f l 2 + Z L 3 ) ] }  (51)

Equation (43) fo r  P-j ' and equation (51) fo r  Pr2 may now be subs t i tu ted  in to  equation 
(49) to y i e l d : -

SPR -  20 log10 | (ZLl + p c 0 ) / 2  Z2 | ( 52)

where

2 2 

zLl = zPi + zAi “ zB i / ( zA i+ ZP2+ ZA2 " zB2/ t zA2+ ZL3] )  (53)

z2 = zA2 [ zB i / ( zA i+ zL2)-1 " z6 2 t zB i / ( zA i+ zL 2 ) X zb2/ ( zA2 + ZL3 ) -I

The panel impedance terms Zp, and Zp2 may be chosen from equations (35) to  (38), 

w h i l s t  the te rm ina t ion  impedance Z[_3 may be chosen from equations (27) to (29).
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In general the evaluation of equation (52) and (53) must be undertaken by 
computational techniques, although i t  has been shown, Brüel [11, Chapter 5] London 
[1 2 ] ,  th a t  ana ly t ica l  in te rp re ta t io n  is  possible fo r  ce r ta in  s im p l i f ie d  case 
stud ies. I t  may be noted th a t  the angle o f  incidence dependence o f the Mass-Sprinq- 
Mass Resonance as deduced by London [12] f o r  the case of i n f i n i t e  panels, does not 
apply f o r  the case o f f i n i t e  panels, Guy [13 ].  For f i n i t e  panels, resonance occurs 
at about the fundamental predicted by London ( e=0), but fo r  a l l  inc iden t  angles.

4.3 MULTIPLE PANELS

The sound pressure r a t i o  f o r  the general case o f m u l t ip le  panels may be w r i t te n  
d i r e c t l y  from equation (4 2 ) : -

SPR = 20 log l0 ( | P i ' | / | P R „ | )  

where P-j1 is  the inc iden t  pressure

and PRn is  the pressure to  the r i g h t  o f  the nth  v ib ra t in g  panel and i t s  s o lu t ­
ion may be w r i t te n  in  a manner s im i la r  to  equation (52), th a t  i  s : -

SPR = 20 log10 | (Z Ll + pc0)/2 Zn | (54)

where

2 2 

z L r  zPi + zAi -  zBi /CzA i+ ZP2+ zA2 • zB2 / [ zA2+

- W ^ n - l  + ZPfi + ZA„ -  ZB„ / [ ZAn + zLn+1] ]  ...........] ]  (55)

and Z„ = Za „  1 Ï  [ZBi/ ( Z A, + ZL, +1) ]  -  ZB V [ Z B / ( Z A, + ZL,+, ) ]  (56)
i= l  1=1

where n > 1
and n in fe rs  successive products

Analysis o f  equations (54), (55) and (56) may now proceed v ia  computational tech ­
niques.

5. DISCUSSION

The present discussion is  based upon the re s u l ts  presented in Figures (4) to  
(8 ) ,  w ith the ob jec t ive  of i l l u s t r a t i n g  typ ica l  general analysis app l ica t ions ;  the 
discussion is not exhaustive, nor do the f igu res  d isp lay  a l l  possib le t rends, 
phenomenum, or phenomena in te ra c t io n .

Results a r is ing  from the ana ly t ica l  procedure out l ined in section 4.1 with 
respect to  s ing le  le a f  panels in the presence and absence of a backing room are 
shown in Figures (4), (5) and (5).
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F igure 4 : Sound Pressure Ratio for a single leaf panel of glass.
Thickness 9.525mm, Density 2300 kg/m3.
Perfect transmission to the right (Equation (27)1.

----------Modified Coincidence (Equation (37)).

Youngs Modulus 6.2X1010 N/rr^ Internal Damping r^= 0.002.

----------  Sprung Wall (Equation (38)).

Wall Stiffness Constant K = 108,000 N/m.

Figure 5 : Sound Pressure Ratio for a single leaf panel of glass. 

Thickness 9 525mm, Density 2300 kg/m3 

Perfect transmission to the right (Equation 27)

Multiple Resonance Panel (Equation 39).

Youngs Modulus 6.2 x tO^N/m2, Internal Damping 7] « 0.002.
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Figure 4 shows the sound pressure r a t io  predicted fo r  a 9.525 mm glass panel 
( typ ica l  o f  a shop window) based upon the modif ied coincidence equation (37), and 
the sprung wall equation (38). Such models are genera l ly  employed to i l l u s t r a t e  
c la ss ica l  con tro l  regions.

One may observe th a t  the s t i f f n e s s  contro led region occurs below the fundamen­
ta l  mass-spring resonance of 11 Hz and is  the re fo re  u n l ik e ly  to be of s ign i f icance  
fo r  most p ra c t ica l  purposes; the s t i f f n e s s  constant was chosen to  y ie ld  the same 
fundamental resonance as predicted fo r  a 2 x 2 metre panel (see Figure 5).

Figure (5) d isplays the transmission of sound when the glass panel e xh ib i ts  the 
m u lt ip le  resonance predicted fo r  a 2 x 2 metre panel sect ion, equation (39). The 
'resonance re g io n 1 can be seen over the whole frequency range thus an increase of 
panel damping would genera l ly  improve a t tenuat ion ; i t  can also be seen th a t  the 
sound pressure r a t io  tends to the 'mass law1 p red ic t ion  at higher frequencies 
although i t  should be noted th a t  'co incidence' has been ommitted from th is  d isp lay .

Figura 6 : Sound Pressure Ratio tor a single leaf panel of glass

Thickness 9 .525m m , Density 2300 kg/m ?

Absorbent lined backing cavity (Equation 48 ), Distance 2900m m .

F low  resistivity of Absorbent 20000 mks ra y ls /m , thickness 100mm.

Multiple Resonance Panel (Equation 39).

Youngs Modulus 6.2 x 1010 N /m 2 , Internal Damping r| = 0 .0 0 2 .

Figure (6) d isplays the re s u l t  o f  applying a 'damped' backing room to the 
m u l t ip le  resonance panel of Figure (5). The overa l l  ca v i ty  depth is  three metres 
and the a c o u s t ic a l ly  hard backing wall is  l ined  w ith  100 mm of absorbent mater ia l  
having a f low r e s i s t i v i t y  o f  20000 mks rayls/m. The occasions of resonance are 
s i g n i f i c a n t l y  increased and the co n tro l in g  fac to rs  are the room depth and absorbent 
m a te r ia l ;  a tendency to the re su l ts  of Figure (5) would be observed fo r  increasing 
the room damping w h i ls t  marked increases in resonance excursions would be observed 
fo r  decreasing room absorption. Resonance can be seen at lower frequencies, at 
which the sound pressure w i th in  the room is  s i g n i f i c a n t l y  higher than the inc ide n t  
pressure causing them!!
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Figura 7 ; Sound Pressure Ratio for a double leaf panel system of Aluminum.

Each leaf thickness Imm, Density 2700 kg/m'! A ir  Gap 2 5 .4m m .

Perfect Transmission to the right (Equation 2 7).

M ultiple Resonance Panel (Equation 39),

Youngs Modulus 6.2 x lO^N/m2 , Internal Damping T| « 0.0001.

Figure (7) d i s p l a y s  t h e  sound p r e s s u r e  r a t i o  f o r  a doub le  l e a f  panel  de termined 
in accordance with th e  p rocedure  o u t l i n e  in s e c t i o n  4.2 and i n c o r p o r a t i n g  m u l t i p l e  
panel  r e sonance  d e t a i l e d  in equ a t ion  (39) .  The doub le  panel  i s  o f  two t h i n  aluminum 
s h e e t s ,  each 1 mm t h i c k  and s ep a r a t ed  by an a i r  gap o f  25.4 mm: the  s h e e t s  are 
assumed to  be squa r e  o f  2x2 me t re s .

The ma ss - sp r ing -mass  r e sonance  i s  c l e a r l y  e v i d e n t  about  320 Hz, a l though  a 
s t r o n g  secondary  r e sonance  caused by th e  p r o x i m i ty  o f  a panel  e igen  f r eque nc y  can be 
seen about  310 Hz. The genera l  t r e n d  i s  f o r  th e  m u l t i p l e  panel  r e sonance  t o  be 
superimposed upon t h e  curve  d i c t a t e d  by two mass law pane l s  s e p a r a t e d  by an a i r  gap.

F ig ur e  (8) d i s p l a y s  th e  sound p r e s s u re  r a t i o  de termined f o r  a t h r e e  panel 
system ( s e c t i o n  4 .3)  c o n s i s t i n g  of  th e  double  l e a f  aluminim system d e s c r ib e d  f o r  
F igure  7 in a s s o c i a t i o n  with a s i m i l a r  aluminum panel  lo c a t e d  one me tre  away, t h i s  
being th e  t y p i c a l  a i r  gap one might  ach ieve by u t i l i s i n g  th e  r o o f  depth of  an 
aluminum space frame.  The advantage of  a l a r g e  a i r  gap i s  t h a t  i t s  a s s o c i a t e d  mass- 
spr ing -mass  r e son anc e  i s  l o c a t ed  o u t s i d e  the  f r e q u en c y  r ange  of  i n t e r e s t ,  such i s  
t h e  p r e s e n t  case which e x h i b i t s  t h i s  r esonance  about  40 Hz; t h e  l a r g e  a i r  space has ,  
however caused an a i r  space  r esonance  about  170 Hz th u s  p o t e n t i a l l y  e l i m i n a t i n g  t h e  
e a r l i e r  advantage.  Some m o d i f i c a t i o n  to  th e  ex cu r s io ns  of  the  320 Hz resonance  
a s s o c i a t e d  wi th  t h e  mass and sma l l e r  a i r  gap may a l s o  be seen .
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P lg u rt 6 Sound Pr*s*ur* Ratio for a trlpls leaf pantl *y *t*n  of Aluminum.

Each leaf thlcknfis 1mm, D*n*ity 2700 kg /m 1, Air gap 25.4mm and 1000mm.

Perfect tranimisslon to the right (Equation 27).

Mass Law Panel* , (Equation 35).

The high t ransmission  los s  p o t e n t i a l  of t h i s  p a r t i c u l a r  panel system may s t i l l  
be r e a l i s e d  by loca t ing  absorbent  mater ia l  within the  l a rg e r  a i r  gap; optimum
absorbent  m ate r ia l  t h i c k n e ss ,  c h a r a c t e r i s t i c  flow r e s i s t a n c e ,  and loca t ion  could be 
est imated  by employing the  general  a n a l y s i s .

All r e s u l t s  presented  in Figures  4 to  8 have been computed from the general  
an a ly s i s  programmed in MICROSOFT BASIC on an Apple II plus microcomputer system. 
All computational t imes were ' r easonab le '  and as discussed  are  capable  of v isua l  
qu a l a t i v e  assessment.

6. CONCLUSION

A one dimensional a n a l y t i c a l  model capable  of cons ider ing  many f e a t u r e s  a ssoc ­
ia t ed  with v ib r a t i n g  panel systems has been developed and i t s  use demonstrated by 
way of case s t u d i e s .

I t  has been shown t h a t  fo rmula t ions  are  r e a d i l y  generated and t h a t  they are  
based upon a r e c u r r in g  cycle  involv ing a f ixed menu of panel and te rmin a t ion  imped­
ance; t h i s  form of  an a ly s i s  i s  id e a ly  su i t e d  f o r  computation.

Graphical  ou tput  from a programmed micro computer system has been shown capable  
of  a n a l y t i c a l  i n t e r p r e t a t i o n ,  and computational t imes have been found ' a c c e p t a b l e ' .  
Thus, the  general ana ly s i s  and procedure appl ied to  a micro computer system wi l l  
prove of use for  i n s t r u c t i o n a l  purposes and may also be of use for  pre l iminary  
engineer ing design purposes.
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