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ABSTRACT

A model based on normal  modes has  been d ev e l ope d  t o  p r e d i c t  s i g n a l  c o h e r en ce  
f o r  a sound s o u r ce  in a s h a l l o w  wa t e r  waveguide  wi th  rough b o u n d a r i e s .  D e t e r m i n i s t i c  
a m p l i t u d e s  and pha s es  a r e  c a l c u l a t e d  f rom a normal  mode model and random phase  or  
a m p l i t u d e  f l u c t u a t i o n s  a r e  added.  The model assumes t h a t  t h e  mode phase  f l u c t u a t e s  as 
a r e s u l t  of  t h e  wa t e r  boundary  r o ug hn es s  and t h a t  t h e  f l u c t u a t i o n s  have a d e g re e  of  
i ndependence  t h a t  may be chosen a r b i t r a r i l y .  Th i s  i n d ep en de nc e  i s  i n t e n d e d  t o  a c c oun t  
f o r  t h e  e f f e c t  of  l a r g e  s e n s o r  s e p a r a t i o n s .  R e c e i v e r s  may be in any c o n f i g u r a t i o n  bu t  
t h e  s o u r ce  i s  r e s t r i c t e d  t o  t h e  l i m i t i n g  c a s e s  of  mo t i ons  t h a t  e i t h e r  m a i n t a i n  t h e  
s o u r c e - r e c e i v e r  r ange  c o n s t a n t  or  change  i t  by many w a v e l en g t h s  d u r i n g  t h e  c o h e r en ce  
e s t i m a t i o n  p e r i o d .  When t h e  s o u r c e - r e c e i v e r  r ange  i s  chang i ng  r a p i d l y  and t h e  
r e c e i v e r s  a re  c l o s e l y  s pa ce d ,  i t  i s  f ound t h a t  t h e  s i g n a l  c o h e re n c e  depends  o n l y  on 
r e c e i v e r  s e p a r a t i o n ,  mode shape and mode e x c i t a t i o n .  For  c l o s e l y  spaced  s e n s o r s  
b r o a d s i d e  c o n f i g u r a t i o n s  g i ve  c o n s i s t e n t l y  h igh s i g n a l  c o h e r e n c e .  However ,  f o r  w i d e ly  
s paced  s e n s o r s  a n d / o r  s o u r c e s  t h a t  m a i n t a i n  a c o n s t a n t  s o u r c e - r e c e i v e r  r ange  t he  
r o u g h n e s s  p a r a m e t e r s  can have a p r o f ound  e f f e c t  on c o h e r e n c e .  I t  i s  a l s o  found t h a t  
c e r t a i n  c o n f i g u r a t i o n s  may be used t o  i s o l a t e  t h e  e f f e c t  of  t h e  v a r i o u s  model pa rame 
t e r s ,  and hence may be used t o  measure  t h e s e  p a r a m e t e r s  e x p e r i m e n t a l l y .

SOMMAIRE

Un modèle ,  ba s é  s u r  l e s  modes normaux,  a é t é  dé ve lo pp é  pour  p r é d i r e  l a  
c o hé re nc e  d ' u n e  s o u r ce  s onore  s i t u é e  en eau peu p ro f o n de  l i m i t é e  p a r  des  s u r f a c e s  
i r r é g u l i è r e s .  L ' a m p l i t u d e  e t  l a  phase  d ' u n  s i g n a l  c e r t a i n  s o n t  c a l c u l é e s  a p a r t i r  du 
modèle  a modes normaux;  des  v a r i a t i o n s  a l é a t o i r e s  d ' a m p l i t u d e  e t  de pha s e  s o n t  e n s u i t e  
a j o u t é e s .  Le modèle assume que l e s  f l u c t u a t i o n s  de phase  du mode s o n t  i n t r o d u i t e s  par  
l ' i r r é g u l a r i t é  des s u r f a c e s  du gu i de  d ' o n d e ,  e t  q u ' e l l e s  p o s s è d e n t  un degré  
d ' i n d é p e n d a n c e  a r b i t r a i r e m e n t  c h o i s i .  C e t t e  i ndé pe nda nc e  e s t  p r évue  a f i n  d ' i n c l u r e  l e  
cas  des r é c e p t e u r s  grandement  e s p a c é s .  La d i s p o s i t i o n  des  r é c e p t e u r s  ne compor te  
aucune r e s t r i c t i o n .  La s o u r c e ,  c e p e n d a n t ,  e s t  c o n t r a i n t e  aux d é p l a c e me n t s  pour  
l e s q u e l s  l a  d i s t a n c e  l a  s é p a r a n t  du r é c e p t e u r  e s t  c o n s t a n t e ,  ou pour  l e s q u e l s  l a  
d i s t a n c e  v a r i e  de p l u s i e u r s  l o n g u eu r s  d ' o n d e  a l ' i n t é r i e u r  de l a  p é r i o d e  r e q u i s e  pour  
l ' e s t i m a t i o n  de l a  c o h é r e n c e .  Lor sque  l a  d i s t a n c e  e n t r e  l a  s o u r c e  e t  l e  r é c e p t e u r  
v a r i e  r ap i d e me n t  e t  que l e s  r é c e p t e u r s  s o n t  f a i b l e m e n t  e s p a c é s ,  i l  e s t  o b s e r v é  que l a  
c oh é r e n c e  e s t  f o n c t i o n  de l a  s é p a r a t i o n  e n t r e  l e s  r é c e p t e u r s ,  de l a  forme du mode e t  
de son e x c i t a t i o n .  Pour  des r é c e p t e u r s  peu d i s t a n c é s ,  une c o n f i g u r a t i o n  don t  l a  
d i r e c t i o n  de l a  s ou r c e  e s t  p e r p e n d i c u l a i r e  aux r é c e p t e u r s  p r o c u r e  une t r è s  grande  
c o h é r e n c e .  Dans l e  cas  où l ' e s p a c e m e n t  e s t  gr and  e t / o u  que l a  d i s t a n c e  " s o u r c e -
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r é c e p t e u r "  e s t  mai n t enue  c o n s t a n t e ,  l ' i r r é g u l a r i t é  des  l i m i t e s  du g u i de  d ' o n d e  a un 
e f f e t  c o n s i d e r a b l e  sur l a  c o h é r e n c e .  I l  e s t  ég a l e m e n t  o b s e r v é  que c e r t a i n e s  c o n 
f i g u r a t i o n s  p e u v en t  ê t r e  u t i l i s é e s  a f i n  d ' i s o l e r  l ' e f f e t  de chaque paramèt re  e t  a i n s i  
en d é t e r mi n e r  e x p é r i m e n t a l e m e n t  l e u r s  v a l e u r s .

INTRODUCTION

T hi s  paper  d e s c r i b e s  a numerica l  model f o r  p r e d i c t i n g  s i g n a l  p r o p e r t i e s  f o r  a 
sound s ou rc e  in a s h a l l o w  l a y e r  o f  water  t h a t  i s  bounded by rough s u r f a c e s .  We a l s o  
p r e s e n t  samples  o f  c a l c u l a t e d  s i g n a l  c o h e r e n c e .  Coherence  i s  a measure o f  t h e  s i m i 
l a r i t y  o f  s i g n a l s  at  two s e p a r a t e  s e n s o r s .  When s i g n a l  c o h e r e nc e  i s  h igh  at  two 
s e p a r a t e  l o c a t i o n s ,  s i g n a l s  at  t h o s e  l o c a t i o n s  can u s u a l l y  be p r o c e s s e d  s i mp ly  t o  
improve s i g n a l - t o - n o i s e  r a t i o .  Our model can be used in d e v e l o p i n g  more s o p h i s t i c a t e d  
a rr a y  p r o c e s s i n g  schemes t h a t  produce  g r e a t e r  improvements  in s i g n a l - t o - n o i se  r a t i o .  
Such a r r a y s  have p o s s i b l e  a p p l i c a t i o n s  in numerous a r e a s ,  i n c l u d i n g  underwater  
t r a c k i n g  o f ,  and communicat ion w i t h ,  submerged s u r v e y  v e s s e l s .  B i o l o g i c a l  sound s o u r 
c e s  might  a l s o  be t r ac k e d  wi t h  such a r r a y s .  Any s i t u a t i o n  where t h e  sound w a v e l e ng t h  
i s  comparable  t o  t h e  depth o f  t h e  sound t r a n s m i t t i n g  medium w i l l  be s u b j e c t  t o  s i m i l a r  
e f f e c t s .

During t h e  p a s t  t w e nt y  y e a r s  numerous measurements  o f  s i g n a l  c o h e r e n c e  have  
been r e p o r t e d  f o r  underwater  sound.  Coherences  or r a t e s  o f  phase  change have been  
i n v e s t i g a t e d  f o r  f r e q u e n c i e s  from 15 Hz t o  13 kHz, a t  ra n g es  from t e n s  t o  t h o u s a n d s  of  
m i l e s  and a t  a v a r i e t y  o f  water  d e p t h s . 2 , 3 , 4  Models  based on ray t h e o r y  or normal  
mode t h e o r y ,  which have been used to  p r e d i c t  or e x p l a i n  measured s i g n a l  c o h e r e n c e ,  are  
e q u a l l y  n ume r o u s .5*6,7^ These  model s  are  r e s t r i c t e d  t o  s p e c i f i c  t y p e s  o f  ro u g h ne s s  or  
p r o p a g a t i o n  c o n d i t i o n s .  D e s p i t e  t h e  wide  range  o f  measurements  and t h e  v a r i o u s  
t h e o r e t i c a l  m o d e l s ,  s i g n a l  c o h e r e n c e  a t  low f r e q u e n c i e s  in s h a l l o w  water  has not  y e t  
r e c e i v e d  s u f f i c i e n t  c o n s i d e r a t i o n .

Our i n t e r e s t  in s h a l l o w  wat er  s i g n a l  p r o p e r t i e s  i s  d e r i v e d  from a d e s i r e  to  
d e s i g n ,  and t o  s i m u l a t e  t h e  per f ormance  o f ,  a c o u s t i c  a rr a y s  o p e r a t i n g  at  low f r e q u e n 
c i e s  in s h a l l o w  w a t e r .  These  a r r a y s  are  i n t e n d e d  t o  d e t e c t  and l o c a l i z e  weak s i g n a l s  
in background n o i s e .  I t  i s  t h e r e f o r e  n e c e s s a r y  t o  know t h e  e f f e c t  o f  t h e  t r a n s m i t t i n g  
medium on such s i g n a l s .  At one s h a l l o w  wat er  A r c t i c  l o c a t i o n ,  i t  has been shown t h a t  
t h e  sound p r o p a g a t i o n  f i t s  a normal mode model a t  low f r e q u e n c i e s  and t h a t  o n l y  two 
modes p r op ag a t e  e f f e c t i v e l y . ®  However i n s u f f i c i e n t  i n f o r m a t i o n  i s  a v a i l a b l e  to  
d e s c r i b e  t h e  f l u c t u a t i o n s  i nduced by t h e  i c e  c o v e r .

In a reg i me wi t h  o n l y  a few modes p r e s e n t ,  e i t h e r  a d e t e r m i n i s t i c  or a s t a 
t i s t i c a l  approach ,  working d i r e c t l y  from t h e  bottom p r o f i l e s  and i c e  s u r f a c e  p r o f i l e s ,  
c o u l d  be a t t e m p t e d .  I n s t e a d ,  t o  make t h e  problem more t r a c t a b l e ,  we assume t h a t  t h e  
ro ug hne s s  c o up l e d  wi t h  s o u r c e  mot ion has produced f l u c t u a t i o n s  o f  mode a mpl i t ude  or of  
mode phase  but  no t  b o t h .  The s t a t i s t i c a l  d i s t r i b u t i o n  o f  mode a mp l i t ud e  or mode phase  
i s  our s t a r t i n g  p o i n t .  We assume a f a m i l y  o f  such d i s t r i b u t i o n s ,  r a t h e r  than a p a r 
t i c u l a r  d i s t r i b u t i o n ,  in an a t t emp t  t o  g i v e  t h e  r e s u l t s  more gener a l  s i g n i f i c a n c e .  I t  
shoul d  be emphas i zed  t h a t  t h e  model  does  not  r e l a t e  c o h e r e n c e  d i r e c t l y  to  t h e  ro u g h 
n e s s  o f  t h e  wave gui de  b o u n d a r i e s .  Our model i s  a p a r a m e t r i c  model i n s o f a r  as t h e  
f l u c t u a t i o n s  are  c oncerned  and t h u s  e n a b l e s  t e s t i n g  o f  arr ay  p r o c e s s i n g  schemes f o r  a 
v a r i e t y  o f  p o s s i b l e  f l u c t u a t i o n  d i s t r i b u t i o n s  when t h e  ro u g h ne s s  o f  t h e  b ou n d a r i e s  i s  
unknown.
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The model enables a calculation of coherence for arbitrary excitation of the 
normal modes, since source depth affects mode excitation, this allows any source depth 
to be treated. By introducing a degree of independence to the fluctuations, as 
measured at the receivers, coherences for sensor pairs in any orientation, and of 
arbitrarily large separation, can be modelled. Source motions modelled are such that 
during the coherence estimation period either the range to the receivers changes by 
very much less than one wavelength or by very many wavelengths. Many practical 
situations can be treated despite these restrictions on source motion. Nevertheless, 
by using an entirely numerical model, it would be possible to remove the restrictions 
on source motion but at the expense of greatly increased computation time. A more 
numerical approach is being used to investigate high resolution beamforming and has 
enabled cases with more modes to be modelled.^

In addition to aiding in array design and simulation of array performance, the 
model indicates what might be encountered in an experiment to measure signal coherence 
and so indicates how to go about the measurements. Furthermore, there is a rationale 
for explaining and categorizing the experimentally determined coherencies.

I . THEORY

The situation modelled, and the physical parameter values used to calculate 
the numerical values presented here, are shown in Figure 1. Sound from the monochro
matic point source is received by a pair of hydrophones whose positions within the 
water column are completely arbitrary. The propagation of the sound is modelled as a
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Figure 1. The geometry and geophysical parameters of the coherence model are shown.
In the model the source is permitted to move either in the plane of the 
figure, perpendicular to it or along any intermediate path as long as the 
path is horizontal, is the ratio of the square of the mode ampli
tudes at 14.5 Hz.
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deterministic part consisting of trapped normal modes with an added statistical com- 
components consisting of phase (or amplitude) fluctuations. These fluctuations are 
attributed to the rough ice surface on the water, the rough bottom, and local 
variations of sound speed in the water.

To describe sound propagation at a range of more than one wavelength in 
water, of about one wavelength depth, many rays would have to be included in a ray 
model. In contrast only a few modes are required to describe the propagation with 
consequent economies of computation. Thus modes represent the effect of summing over 
numerous rays. Modes can also be thought of as the interference between upgoing and 
downgoing acoustic waves as they zigzag between surface and bottom and propagate hori
zontally. This super-position of two waves traveling in different directions is ana- 
lagous to a standing wave on a plucked string. Therefore, it is not surprising that 
the amplitude distribution for the normal modes shown in Figure 1 resembles that of a 
plucked string. However, the normal mode amplitudes for sound in water do not become 
zero at the bottom because the impedance contrast at the bottom is not large enough to 
prevent some motion in the bottom.

The amplitudes for the modes were calculated for a solid ice layer 2 m thick 
overlying water with a solid bottom. Velocities employed in the calculation were 
measured with a refraction survey. They represent a very hard bottom thought to con
sist of a layer of recrystalized dolomite. Only a thin layer (about 1 metre) of 
unconsolidated material overlies the bottom because of the high currents prevailing in 
the water. At low frequencies such a layer, be it ice on the surface or till on the 
bottom, has only a small effect on the deterministic portion of the modes if the layer 
is thin and smooth. If the layer is randomly rough it will produce mode phase fluc
tuations similar to those produced by rough ice. The precise nature of the effect of 
a periodic bottom roughness is a subject that is still under investigation but pro
bably quite different from that of a randomly rough surface.

The wave equation was solved by finding the eigenvalues for a bounded uniform- 
depth waveguide. For the low frequency results presented, only two trapped slowly 
moving modes are present. In the modal analysis, energy travelling at higher speeds 
is carried in the bottom and for such means of transmission, little energy is found in 
the water column. It has been confirmed by experiment that the amount of energy pro
pagated at these higher speeds is relatively insignificant compared to that propagated 
in the slowly moving modes.® For simplicity, the fast moving modes are ignored and 
only the slowly moving modes are included in the model.

A. Coherence Assuming Mode Phase Fluctuations

The fluctuation distribution to be described next allows control of the fluc
tuation distribution width and the dependence of fluctuations at sensors with spatial 
separation. To do this the mode phase fluctuations were formed as a linear com
bination of fluctuations from distributions of the form,10

P(x) = exp(Kcosx)/(2ïïI0(K)) -ïï _< x £  it (1)

where I0(K) is the zeroth order modified Bessel Function of the first kind. This 
distribution ranges from a uniform distribution for K=0, to an infinitely narrow



distribution, i.e. known phase, when K=°°. Figure 2 illustrates the shape of the

Figure 2. The distribution shown is the one from which the phase or amplitude fluc
tuations distributions are formed. The parameter K decreases with 
increasing roughness.

distribution for several values of K. It can be seen that for K=10 the effective 
width of the distribution has narrowed considerably from that for K=0. If theoreti
cal fluctuation distributions are available for conditions similar to those encoun
tered in a problem of interest, then these theoretical distributions are a guide to 
likely K values. When we evaluated K for one model corresponding to a sea swell on 
water,9 and the physical conditions of Figure 1, values of K between 2 and 75 were 
obtained for RMS surface roughnesses between 1.0 and 0.1 m. Note that rough surfaces 
correspond to small values of K.

To simplify the analysis for the model described here K was purposely chosen 
to be identical for the two modes. Although the value of K for each mode is likely 
to be somewhat different in practice the conclusions that we draw here are not signi
ficantly changed by this simplification. However a more numerical approach can be 
taken in which K varies from mode to mode.9

ei<i is used to represent the fluctuating component of the signal phase at the 
range of hydrophone k for the component of signal energy travelling as mode i. This 
phase fluctuation is defined for frequency a). The fluctuation is written as a linear 
combination of two independently distributed phases uj_ and vj_, where ui and vi are 
distributed as given by Equation [1). Thus

e li = 2(-ui + nvi )/(1 + n) 

e2i = 2(-vi + + n ) (2)
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When n = 1 the fluctuations at separated receivers are identical. While values of n 
near zero indicate fluctuations that are independent at the two receivers. Although 
it is generally recognized that signal coherence decreases with increasing sensor 
spacing there is insufficient data on the subject to determine suitable values for 
n.11 Thus it is with a view to enabling an investigation of the effect of indepen
dence of the fluctuations at separated receivers that the parameter n is introduced. 
Whereas the parameter K depends on the roughness of the sea surface, and decreases 
with increasing roughness, n depends on the spatial correlation of the rough surface. 
At receiver 1 the output will be:

N

Z (w) = exp(jwt) 1 A.B.X,(w) exp(je,.) (3)
i  i = l  i  i  i

Where, i = mode number with 1 used for the lowest order mode
Aj = aiexpCj(fii), where ai is the mode amplitude at the

source depth and ^  is the deterministic part of the 
mode phase at receiver 1 range, <t>i equals the product 
of the range and the horizontal mode wavenumber.

Bi = bi the ith mode amplitude at receiver 1 depth 
Xi((d) = source amplitude at frequency oj.

fti> Bi> Ci and Xi are underlined to distinguish these quantities from those used in 
Equation [5).

The output at receiver 2 depends on 0i where,

Çi = CiexpCjQi), where ci is the mode amplitude at
receiver 2 depth and 9i is the mode phase shift bet
ween the receivers.

The signal coherence squared y2(uO was calculated by evaluating the integrals 
required to find the expected values signified by E where:

Y2(o0 = | ECZ^üO Z2*(ü))) I 2 / (E I Z1Coo) | 2E I Z2(oO | 2), (4)

as described in Appendix A. Thus for two modes if we assume that the source-receiver 
range changes by very much less than one wavelength, i.e. the range remains essen
tially constant, then,

| MG2a2b1c1exp(-j01) + A ^ M H a ^ a ^ e x p j C ^ -  ê) + 

a2b2a1c1expj(i)D2- iĵ - 0^) + MG2(a2b2c2exp(-j02))

[a2b2 + 2A2B2M 2a1b1a2b2cos((f)1- (ĵ ) + a2b|] .

[a2c2 + 2A2B2M2a1c1a2c2cos(<|)1- (J)2+ 0 ^  02) + a2c|]

where A, B and G are functions of n and K as defined in Appendix A and M=1/(4tt2 

Io2CK]).

2

(5)
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In the event that source motion is such as to change the range to the 
receivers by very many wavelengths during the coherence estimation period, then a 
further integration is required over the variable ^  in the evaluation of the 
expected value of the signal coherence. For typical shallow water situations the 
source would have to traverse of the order of a kilometre during the estimation. When 
the integrations are carried out over a very large or integral number of periods, 
terms in Equation [5) that contain ^  will have dropped out, other terms in
Equation [5) remain unchanged. For n = 1 in Equation (2), fluctuations are identical 
at the two receivers and MG2 = 1, so that signal coherence does not depend on the 
value of K. This situation would arise with source motion towards closely spaced sen
sors.

B. Coherence Assuming Mode Amplitude Fluctuations

A version of the model for calculating signal coherence for a moving source 
was developed that assumed mode amplitude fluctuations caused by boundary roughness. 
To allow independence of these fluctuations at the two receivers the mode amplitude 
a^i is written as a linear combination of two independently distributed amplitudes e 
and f, whose squares are distributed like x2 in,

P(x2) = exp(Kcos(n(x2-a)/oO)/2aIo (K) 0 <_ x 2 <_ 2a (6)

For receiver 1,

a n  = (e + nf)

and for receiver 2,

32i = (f + ne)

where i indicates the mode number. Choosing the total energy radiated by the source 
into the two modes to be unity,

and, (8)

a 22*  = 1 a 2 1 2 ‘

Now the signal at receiver 1 is,

N

Z. (to) = exp(jcot) I A, . B .X. (w) (9)
l i=1

where Aj_i = aiiexpCj(()i) and otherwise the definitions for Equation (3) apply. Signal 
coherence squared, Equation (4), was evaluated by carrying out the necessary integra
tions as described in Appendix B.
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Thus
| S1b1c1expC-j91) + S2b1c2expjCif)1- i^- 0 )

+ S9b9c,expjC((39- k -  0-1 ) + S,b„coexp(-j0 ) | 2
y2Cu) = — 3 2 2 I (10)

Ls^b2 + (1 - S4)b2 + 2S5b1b2cos((^1- (j)2)J .

[s4c2 + (1 - S4^c2 + 2S5c1c2cos(i|)1= §2+ 0 ^  02)]

where Si = Si(n,K) as defined in Appendix B„ For source motion such that source- 
receiver range is changing by very many wavelengths during the coherence estimation 
periods terms containing C$i-432^ Equation (10) will have dropped out.

C. Calculation of coherences

The geophysical parameter values used to calculate the signal coherences in 
this paper are given in Figure 1. They represent a water layer 1.5 wavelengths deep 
capped by rough ice. The bottom is modelled as one layer characterized by high 
compressional wave velocities. The velocity used in this model is based on an unre
versed refraction survey and a reflection survey carried out in a Canadian Arctic 
channel.

Three values of the ratio of the energy in the first mode to the energy in the 
second mode were used in the coherence calculations. The values were 0.1, 1.0 and 
9.0, which occur for source depths near the surface, near the bottom and near the zero 
of the second mode respectively, as can be seen from Figure 1. The depths associated 
with the ratios assume no mode conversion or attenuation.

Although the evaluation of Equations (5) and (10) is well within the capabili
ties of modern computers some care must be taken in evaluating products such as 
A 2B2M 3G 2 which are implicit in Equations (5) and (10) and defined in the appendices. 
For large K the order of calculation must be such that underflow or overflow are 
avoided. In(*0 was calculated by using coefficients taken from the Handbook of 
Mathematical Functions.12 The integrals A, B, D and G were evaluated using Simpson’s 
rule while the double integrals F, G , and H were evaluated by using Patterson’s 
method. The mark 8 version of the Numerical Algorithm Group’s D01DAF was used for the
double integrals.

II. DISCUSSION OF RESULTS

In Figures 3 to 6, coherences are presented for modes with fluctuating phase. 
Similar results are obtained for closely spaced sensors if the amplitude of the modes 
is assumed to fluctuate. In the case of n = 1, closely spaced sensors, the results 
for the amplitude case are either identical to or can be scaled from the phase case 
depending on the source motion.15 when amplitude fluctuations are assumed and the 
source-receiver range is constant then scaling is required. Scaling is such that 
coherences assuming amplitude fluctuations are higher than coherences assuming phase 
fluctuations. The scaling also depends on the relative energy in the modes. However,
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scaling of the distribution parameters does not carry over to the case of widely 
spaced sensors. Suffice it to say that coherences for amplitude fluctuations are 
similar to those obtained assuming phase fluctuations.

A. Source Moving Towards Closely Spaced Sensors

If a sound source is moving towards closely spaced sensors with only horizon
tal separation in the direction of sound propagation, modelled coherence is a periodic 
function of sensor separation. Coherence decreases cosinusoidally from one, at zero 
horizontal separation, reaching a minimum at a separation of 4.2 wavelengths. This 
minimum coherence is that displayed on the diagonal in Figure 3. If separations of

Figure 3. Coherence squared for a source moving towards closely spaced receivers with 
either mode amplitude or mode phase fluctuating. The sound source is near 
the bottom in water 1.5 wavelengths deep and the receivers are 4.2 wave
lengths apart in the direction of sound propagation.

4.2 wavelengths are well within the close spaced regime (n=l), coherence will recover 
at wider separations because of the cosinusoidal dependence of the coherence. The 
separation, 4.2 X, at which the minimum occurs is determined by the difference between 
the mode propagation constants and will vary with frequency.

The coherences in Figure 3 are for closely spaced sensors, n=l, and represent 
results for a near-bottom source for sensors whose horizontal component of separation 
in the direction of sound propagation is 4.2 wavelengths. In the limiting case where 
the source-receiver range is changing rapidly, as modelled in Figure 3, the results 
shown apply without regard to whether the fluctuations are of phase or amplitude and 
there is no dependence on the parameter K that is used to account for roughness.13 y0 
completely determine signal coherence for this scenario, it is necessary only to spe
cify source depth, receiver depths, mode shapes, and receiver separation in the direc
tion of sound propagation. Coherences for this scenario are thus determined by modal 
properties for a smooth waveguide and by the source-receiver geometry.
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On the diagonal in Figure 3, for which the depths of sensors one and two are 
equal, the coherence for a horizontal array of two hydrophones 4.2 wavelengths apart 
is displayed. These are the worst case coherences for a horizontal array, with sensor 
separation in the direction of sound propagation, provided that we can assume that the 
sensors lie in the close-spaced regime.

A special region of perfect coherence, where one receiver is displaced above 
the depth of the zero of the second mode Cone wavelength depth) and the other an 
almost equal amount below the zero, is indicated by arrows in Figure 3. This includes 
the special case where both receivers are at the depth of the zero of the second mode, 
for which coherence is also perfect. The results in the figure indicate that a 
variation in the depth of one receiver of a very small fraction of a wavelength from 
the depth of the zero of the second mode will lead to a substantial loss of 
coherence.

As mentioned earlier coherences for three apparent source depths were calcu
lated. These cases are similar in shape with different emphasis. If the source is 
near the zero of the second mode the rate of reduction of coherence as the sensors 
move away from the zero of the second mode will be reduced from that for the near- 
bottom source depicted in Figure 3. In contrast, for a source in the upper part of 
the water column the rate of reduction of coherence as the sensors move away from the 
zero of the second mode will be increased.

B. Source-Receiver Range Constant with Closely Spaced Sensors

To calculate coherence for source motion where the range to the receivers is 
constant, it is necessary to specify the type of fluctuation, the fluctuation distri
bution width and the source-receiver range. This is in addition to those parameters 
that determine modal properties and specify receiver geometry and which were the only 
parameters required when the source was moving rapidly towards closely spaced 
receivers. Thus coherences for this scenario reflect the effect of surface roughness 
on signal coherence.

Figure 4 illustrates how coherence depends on the parameter K that is used to 
account for roughness and the source-receiver separation in the direction of sound 
propagation. The source and receivers are near the bottom and the source-receiver 
range is such that the two modes are 180 degrees out of phase at the first receiver. 
Coherence is generally poor and decreases with increasing K, i.e. decreasing rough
ness. Very different results are obtained if the phase relationship of the modes at 
the first receiver is changed. Thus the effect of roughness on coherence can be 
modified dramatically by the range to the receivers. Nevertheless, measurements with 
closely spaced sensors with the source-receiver range constant could be used to indi
cate an appropriate value of K in an experiment to measure signal coherence.

One can see in Figure 4 that when the source is broadside to the receivers 
(zero receiver separation in the direction of sound propagation) coherence is good 
regardless of the value of the roughness parameter K. However, deviations of the 
receivers by 0.2 wavelengths from a broadside configuration will lead to a con
siderable loss of coherence at large values of the roughness parameter i.e. nearly 
smooth waveguide.
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C. Source Moving Towards Widely Spaced Sensors

Figure 5 shows calculated coherences for a source moving towards a broadside 
array with K=0, corresponding to a very rough surface. It can be seen that coherence 
is high when n=l; this corresponds to the subset of closely spaced receivers. High 
coherence was also obtained for the closely spaced regime with a broadside array when 
the source-receiver range was constant, Figure 4. Both of these results hold true 
regardless of source depth.

Figure 4. Coherence squared for phase fluctuations and a moving source that maintains 
constant source-receiver range as it moves horizontally near the bottom. 
The modes are 180° out of phase at the first receiver, a]_2/a22= 1 and the 
closely spaced receivers are on the bottom in water 1.5 wavelengths deep. 
Larger values of K correspond to smaller values of roughness.

Figure 5. Signal coherence squared for a source moving towards the receivers assuming 
mode phase fluctuates. The source is broadside to the receivers and near
the bottom (1.5 wavelength depth) in a rougt 
corresponds to small receiver spacings and 
increasing receiver spacing.

waveguide (K=0). n=l 
n-1 increases with
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The model accounts for more widely spaced sensors by introducing some indepen
dence to the fluctuations. As n increases or decreases from 1 the fluctuations become 
more independent at adjacent receivers. Figure 5 shows the rate at which coherence 
drops off with increasing independence of the fluctuations. Coherence plots for 
larger K values are similar to coherences shown in Figure 5 but have values that 
decrease less rapidly as n changes from unity.

A value for n is required to pursue the modelling of signal coherence for the 
scenario of a source approaching widely spaced sensors. This could be measured with a 
source approaching a broadside array containing receivers with a variety of separa
tions. From such measurements the relationship between n and hydrophone separation 
could be obtained. By analogy with ray acoustics the demarkation between the widely 
spaced regime and the closely spaced regime would occur for hydrophone separations of 
the order of the dimensions of the first Fresnel zone at a sound reflection point. 
Still larger hydrophone separations could lie within the closely spaced regime if the 
rough surface were strongly correlated over regions larger than the Fresnel zones. 
These zones have dimensions of many wavelengths and depend on the geometry of the pro
pagation path. However, it is unlikely that the ice surface roughness would be 
strongly correlated over regions exceeding the size of the Fresnel zones.

D. Source-Receiver Range Constant and Widely Spaced Sensors

When the receivers are widely spaced a constant range can only be approximated 
for a moving source by using a circular arc at very long ranges. A sample of calcu
lated coherence for this scenario is presented in Figure 6. The sound source is near

Figure 6. Signal coherence for a sound source moving such that the source-receiver 
range is constant.. The source is near the bottom and the modes are in phase 
at the first receiver. A receiver separation of 4.2 wavelengths in the 
direction of sound propagation is assumed and the mode phase is fluctuating. 
This case corresponds to small roughness (K=50).
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the bottom, the range is one for which the modes are in phase at the first receiver, 
and the receivers have a separation of 4.2 wavelengths in the direction of sound pro
pagation. The results show clearly that coherence is dependent strongly on the depth 
and the independence of the fluctuations at the two receivers. When n=0 fluctuations 
are completely independent, but, because the roughness is small, (k=50 in Figure 6], 
the signals received are still coherent. Consequently, a measure of K might go a long 
way.towards simplifying the range of possible signal coherences.

It is difficult to summarize the results for this particular regime since 
every parameter in the model has a bearing on the signal coherence. However, provided 
that the roughness is small enough that K is large, the independence of the fluc
tuation will have moderate effect on the coherence. Furthermore, if the source is 
broadside to the receivers and all other parameters remain the same higher coherences 
are generally obtained.

E. Discussion of Results

Coherences calculated with the model, fall into four major categories deter
mined by whether the coherences are for closely or widely spaced sensors and whether 
source-receiver range is constant or varying. Table I indicates those parameters that

TABLE I. Properties of Coherence Squared.

SOURCE-RECEIVER RANGE 

CHANGING RAPIDLY

SOURCE-RECEIVER RANGE 

CONSTANT

INDEPENDENT OF FLUCTUATION AMPLITUDE FLUCTUATION CASE

DISTRIBUTION SCALES FROM PHASE CASE

DEPENDS ON: DEPENDS ON:

CLOSELY - MODE SHAPES - MODE SHAPES

SPACED - SOURCE DEPTH - SOURCE DEPTH

SENSORS - RECEIVER GEOMETRY - RECEIVER GEOMETRY

- DISTRIBUTION WIDTH

- FLUCTUATION TYPE

- SOURCE-RECEIVER RANGE

DEPENDS ONt DEPENDS ONi

- MODE SHAPES - MODE SHAPES

- SOURCE DEPTH - SOURCE DEPTH

WIDELY - RECEIVER GEOMETRY - RECEIVER GEOMETRY

SPACED - DISTRIBUTION WIDTH - DISTRIBUTION WIDTH

SENSORS - FLUCTUATION TYPE - FLUCTUATION TYPE

- DISTRIBUTION DEPENDENCE - SOURCE-RECEIVER RANGE

- DISTRIBUTION DEPENDENCE

we must specify to calculate coherence. In the limiting case, closely spaced sensors 
and source-receiver range changing rapidly, signal coherence is completely predictable 
without knowing the roughness. Only the modal properties for a smooth waveguide and 
the receiver geometry are required to determine signal coherence. In contrast, the 
number of parameters that must be specified and the variety of possible results is 
greatest for a widely spaced endfire array with a source moving so that the source- 
receiver range is constant.
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The model indicates how one may systematically go about measuring signal 
coherences at low frequencies. The simplest case of a closely spaced endfire array 
with the source moving towards the receivers would essentially indicate how the energy 
is distributed between the modes. Next a constant source-receiver range with a clo
sely spaced endfire array would enable the roughness parameter K to be established. 
Lastly an array operating in the wide spaced regime would be used to evaluate the 
parameter n.

Without supporting measurements the model has indicated the effect of source 
motion and receiver geometry on signal coherence. It appears that a source in the 
broadside position is likely to produce coherent signals at receivers many wavelengths 
apart. Experimental measurements would indicate at just what receiver separation the 
value of n is reduced so that we have reached the wide spaced regime and therefore, if 
K is sufficiently small, the spacings at which coherence is poor.

Another approach to narrowing the range of possible predicted coherences is 
that of modelling the propagation in detail to evaluate K and n from the roughness. A 
theoretical investigation of the effect of roughness on modal properties is being 
carried out by G.H. Brooke of this establishment that should lead to the equivalent of 
a relationship between K and roughness. Evaluation of K for a given roughness for 
surfaces that are not near the small roughness limit is no small task and finding n 
for a rough surface is even more difficult. However, knowledge of the effect of 
roughness on signal properties is important for the prediction of array performance 
especially where the array is to be used to distinguish targets on the basis of depth, 
range or bearing.

CONCLUSIONS

A normal mode model for predicting signal coherence for a moving target in 
shallow water with rough boundaries has been described. The roughness was taken into 
consideration by introducing fluctuating mode phase or mode amplitude.

Coherences were calculated for two modes in water 1.5 wavelengths deep 
bounded by a hard single layer bottom. Calculated coherences for source motion 
towards closely spaced receivers were independent of the roughness or type of fluc
tuation assumed. Signal coherence was however strongly dependent upon roughness for 
widely spaced sensors and a source maintaining a constant range to the receivers. It 
turned out that a broadside source showed high coherence for closely spaced sensors 
regardless of the source motion.

The model also indicates how signal coherence might be measured in shallow 
water so that mode properties and the various effects of roughness can be isolated and 
measured. Such measurements would enable the appropriate values of the model parame
ters to be identified. A direct approach for predicting the effect of measured rough
ness on mode properties might also enable appropriate values of the model parameters 
to be identified.
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APPENDIX A

Signal Coherence for Phase Fluctuations

From Equation (3) and a similar equation for Z2 M  where £  is  substi tu ted for 
B and we ignore source strength for simplicity,

_ _ _  IT

Z1Z2* = -1-1-1*-1*  ^  exp{2j(U-n)u]+ (n - l )v 1) /(1+n)}.
—  IT

exp(Kcosu-j + Kcosv^) du^dVj/4iT2I 2(K)
IT

+ A ^ A  f f f f  e x p { 2 j ( u 1+ n v j -  v2~ nu2 ) / ( 1 + n ) }
- tt

exp(Kcosu1+ Kcosv1+ Kcosv2+ Kcosu2) du1du2dv1dv2/16ir‘*I0‘f(K)
IT

+ A ^ A ^ *  f f f f  exp{2j(u2+ nv2- v-j- nup/Cl+n)}.
- I T

e x p (K co su 2+ K cosv2+ Kcosv1+ Kco su^) du1du2 dv1dv2 /16Tr‘t I 0 ‘t(K)

IT
+ A2B2A2*C2* IS  exp{2j((l-n)u2+ (n - l )v 2)/ ( l+ n )} .

- I T

ex p [K co su 2+ Kcosv2 ) du2 dv2/4TT2I Q2(K)

Now le t

TT
A(n,K) = /  exp(j(±2x/(l+n)) + Kcosx) dx 

- Ï Ï

IT
B(n,K) = /  exp(j(±2nx/(l+n)) + Kcosx) dx

=Tr (A2)

IT
G(n,K) = /  exp(±2jx(l-n)/(l+n) + Kcosx) dx

- T T

M(K) = 1/(4tt2I o2(K))

Thus substi tu t ing  A, B, G, and M in (Al) and similar expressions for Zj_Zi* and Z2 Z2 * 
and subs ti tu t ing  the resu l t  in (4) produces (5).

37



APPENDIX B

Signal  Coherence fo r  Amplitude F lu c tu a t io n s

From Equation (9) and a s im i l a r  equat ion for  Z2  except t h a t  C i s  s u b s t i t u t e d
for  EL

2a 2a
= b^Cj.expC-je, ) n /  e 2P ( e 2)de2 + n /  f 2P ( f 2) d f 2 

0  0

2a

+ (1+n2) f f  e  f  P (e 2) P ( f 2)de2 d f 2 
0

2a 1 /
+ b1c2expj(ij)1» ij)2-  02 ) f f  (e + n f)  {1 - ( e  + n f ) 2 } /2  P (e2) P ( f 2)de2 d f 2

0

2a ! /
+ b2c1exp j (^2-  (j)r  0 X) f f  ( f  + ne) {1 - ( f  + n e ) 2 } / a  P (e2) P ( f 2)d e 2 d f 2

0

2 a  1 /  1 / 2

+ b c exp(-  je ) f f  {1—C e + n f ) 2 } /2  { l - ( f  + n e )2} 7 P (e2) P ( f 2)de2 d f 2 
0

l e t  x or y = e 2 or f 2 as appropr ia te*  and

2a
D = /  x /2  P(x)dx (B2)

0

, v 2

2 a  1 /  1 /  1 /  1 / 2 1 /

G =  J 7  ( x  / 2  +  n y  ) { l - ( y  +  n x  7 2 )  }  7 2  

0

e x p  ( - K c o s  O x / a )  -  K c o s ( i r y / a ) ) d x d y

2a 1 /  1 /  1 /  1 / w
F = J7(x  /2  + ny / 2 ) {1 -  (x / z  + ny 2) 2} 2 dxdy

CB3)

H = f f  {C1—Cx ^ 2 + ny ) 2) ( l - ( y  +nx ) 2} ^ 2 = (B4)
0

exp(-Kcos(T7x/a -  Kcos ( Try/a) )dxdy

For the  eva lua t ion  of  and Z2 Z2 * we need to def ine

2a 
f j  
0

(B5)
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Now to further simplify the expression for signal coherence, Equation (10), let,

« . (1 + n2) D2 
Sl= 2na+ 4a2I02(K)

S2= G/(4a2I02(K))

S3= H/(4a2Io2(K)) ^ 6 )

S4= (1 + n2)a + 2nD2/(4a2I02(K))

S5= F/(4a2I02(K))
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