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1 In tr o d u c t io n

During a study of the arctic boundary layer, Menemenlis and 
Farmer [4] used acoustical reciprocal transmissions to obtain 
line-averaged velocity measurements along 200 m horizontal 
paths in the mixed layer beneath ice. The present discus­
sion is motivated by a desire to interpret the observed high 
frequency velocity fluctuations in terms of the advection and 
evolution of turbulent velocity fine structure.

Kaimal et al. [2] discussed the problem of line-averaging in 
the context of extending the useful range of sonic anemome­
ters to scales shorter than the acoustic paths. They de­
rived transfer functions th a t  relate measured and ideal one­
dimensional power spectra. We investigate the asymptotic 
behaviour of the spectral transfer functions, as the length 
of the measuring baseline is increased, and derive analytic 
expressions.

The spectral transfer functions are shown to vary with di- 
mensionless wavenumber and with angle between the measur­
ing baseline and the mean velocity. The analysis is extended 
to anisotropic and inhomogeneous flows. Finally, some ex­
perimental data  taken in the boundary layer beneath ice is 
compared with the theory.

2 T h eo ry

Consider a stationary and homogeneous random velocity field 
advected by the mean flow past a long measuring baseline. 
The spectral transfer function, T(k\£ ,9 ,p) ,  is defined as the 
ratio between the line-averaged one-dimensional spectrum 
and the ideal streamwise one-dimensional spectrum. It in­
dicates the spectral a ttenuation due to line-averaging as a 
function of streamwise wavenumber k i, pathlength i , orien­
tation of the measuring baseline relative to the mean velocity 
vector 9, and spectral slope —p.

Kaimal et al. [2] solved the spectral transfer function nu­
merically for an isotropic inertial subrange, p =  5/3, and a 
measuring baseline perpendicular to the mean flow, 9 =  90°. 
When the measuring baseline is long compared to the scales 
of interest, an analytic solution can be found,

T (M  0 p)= si"P 6 (̂ P+ 1^cos4 9 + sil*4 6'1 + 

where K(p)  — 2T( \ /2 )Y{p/2  +  l /2 ) /F (p /2 ) .

2.1 A xisym m etr ic  Turbulence

McPhee [3] reports th a t  heat and momentum flux under ice 
is typically caused by turbulent eddies tha t are of order 10-20 
m in horizontal extent and a few meters in vertical extent. 
Therefore, in a given wavenumber range, the flow is more 
likely to be axisymmetric about the vertical axis rather than 
isotropic.

Herring [1] introduced a simple and useful formalism for 
describing axisymmetric turbulence in terms of an anisotropy 
parameter a, where 0 <  a <  1, and a =  1/2 implies isotropy. 
Once again, when the measuring baseline is long compared 
to the scales of interest, an analytic solution can be found,

„  _  K(p)s 'mp 9 /f>(cos4 9 +  sin4 9) +  2a cos2 0sin2 9 \  , . 

kxl  y ( i -)- ap) cos2 9 +  (a +  bp) sin2 9 J  ^

where b = (p +  2)(1 — a). For a =  0, i.e. when all the kinetic 
energy is contained in the horizontal mode of motion, the 
spectral transfer function is at most 16% higher than for the 
isotropic case.

2.2 Anisotropic  Turbulence

Consider a baseline of length t  tha t is split in two pieces 
of length a  and /? so tha t t  = a  + 0.  The line-averaged 
velocity ù is related to û a and up,  the velocities averaged 
along a  and /? respectively, by û =  ( a û a + /3ûp)/£. We define 
Fa (k i) and Fp(ki)  to be the line-averaged one-dimensional 
spectra associated with ûa and üp respectively. For k i a  and 
A'i /? sufficiently large, ûa and up are statistically independent 
and in that wavenumber range

F(k')~ ---------------------------------------p ----------------------------------------•

Assuming homogeneity, this equation can only be satisfied 
when £F(ki )  = a F a (ki )  =  f3Fp(ki), i.e. the measured spec­
tra  are inversely proportional to the averaging length. Us­
ing ki to non-dimensionalize i, we conclude tha t F (k \ )  oc 
F ( k \ ) / i k i ,  i.e. for a sufficiently long baseline, the measured 
spectral slope is one unit less than the true spectral slope.

2.3 Inhom ogeneous Turbulence

We use the same notation and paradigm as above, but now 
a spans an isotropic region with one-dimensional spectrum 
Fa(k i) and similarly Fp(ki)  is the spectrum associated with
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/?. Using the  spectra l  transfer functions for isotropic tu rb u ­
lence derived earlier, we ob ta in

F(k1) =  T(k1£,6,p)
&Fa ( k i )  0 Fj3(hi )

i.e. at sufficiently high wavenumbers, line-averaged measure­
ments provide a true  weighted average of the tu rbu len t ki­
netic energy spectrum .

3 E x p e r im e n t
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During a coordinated  study  of the  boundary  layer beneath  
ice in the  Arctic, Menemenlis and Farm er [4] deployed an 
acoustical in s trum en t to measure path-averaged horizontal 
current and vorticity. A tr iangula r  acoustic array of side 
200 m was used to ob ta in  reciprocal transmission m easure­

ments a t  132 kHz, a t  8, 10 and 20 m beneath  an ice fioe. 
Pseudo random  coding and real-time signal processing pro ­
vided precise acoustic travel tim e and  am plitude  for each re­
ciprocal pa th .

Mean curren t along each acoustic p a th  is proportional to 
travel time difference between reciprocal transmissions. Hor­
izontal velocity norm al to the acoustic p a th s  is measured us­
ing scintillation drift. T he  ins trum en t measures horizontal 
circulation and  average vorticity relative to the ice, a t  length 
scales characteristic  of high frequency in ternal waves in the 
region. T he  rm s noise level of the  measurem ents  is less than 
0.1 m m /s  for velocity and 0.01 /  for vorticity, averaged over 
one minute. E xcept near the  mechanical resonance frequency 
of the  moorings, th e  m easurem ent accuracy is limited by mul­
t ipa th  interference.

T he  sensitivity of the  path-averaging acoustical current 
meter is such th a t  it allows detection of kinetic energy at 

frequencies associated with the advection and evolution of 
tu rbu len t velocity fine s truc ture .  In addition to the  acousti­
cal in s trum en t,  clusters of high resolution mechanical current 

meters were deployed roughly at the center of the acoustic  ar ­
ray by M cPhee [3].

T he  underside surface of the  ice is irregular and contains 
keels th a t  extend down to 10 m dep th  in the vicinity of the 
acoustic  array. Because of th e  passage of internal waves and 

tides under the  ice camp, s teady curren t flow in one direction 
is rarely achieved for periods long enough to obtain good 
statistical averages. For these reasons, we expect dep a r tu re  of 

observed properties  from the predictions made by the theory.

Fig. 1, is a spectral comparison of line-averaged and  locally 
measured horizontal velocity fluctuations a t  20 m depth  on 
April 13, 1989. T he  spec tra  are a six hour average, during a 
period when the  mean flow relative to the  ice was 15 c m /s  in 
a northw ard  direction. T h e  line-averaged d a ta  corresponds 
to a sonic p a th  th a t  forms angle 6 =  76° with the  mean flow. 
A straight line with —5/3  spectral slope is fitted to the high 
wavenumber region of M cPliee’s da ta .  A second line with 
— 8/3  slope is also drawn based on the analytic transfer func­
tion derived earlier. This  prediction is seen to fall well within 
the 95% confidence interval of the  line-averaged spectrum .
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Figure 1: Comparison of energy spectra for point and 
line-averaged horizontal velocity measurements obtained 
20 m beneath floating ice in the arctic boundary layer, 
on April 13, 1989.

4 C onclusions

For measuring baselines long com pared to  the  scales of in ­
terest analytic expressions for the  transfer function between 
t rue  and line-averaged one-dimensional spec tra  have been de­
rived for isotropic and axially sym m etr ic  turbulence. Line- 
averaged m easurem ents  are m os t sensitive to velocity fine 
s t ruc tu re  when the mean velocity is perpendicular to the 
measuring baseline. T he  error incurred  by assuming isotropy 

ins tead  of axial sym m etry  is unlikely to  exceed 16%.
For homogeneous tu rbulence and a sufficiently long base­

line, the slope of line-averaged m easurem ents  is one unit less 
tlian the true  spectral slope, irrespective of the  form of the 
spectral density tensor. At sufficiently high wavenumbers, 
line-averaged m easurem ents  through  regions of locally ho­
mogeneous turbulence  provide a true  weighted average of the 

kinetic energy spectrum .
This  theory explains high frequency fluctuations observed 

during an experimental s tudy  of the  arctic bo undary  layer be­
nea th  ice, where reciprocal acoustical transmissions were used 
to obta in line-averaged velocity m easurem ents  along 200 m 
horizontal paths.
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