
R e l a t i o n s h i p  o f  U n d e r w a t e r  A c o u s t i c  I n t e n s i t y  
M e a s u r e m e n t s  to B e a m f o r m i n g

Ge r a l d  L. D ’S p a i n

Univer s i t y  o f  Cal i fornia ,  San Diego 
Mar ine  Phys i ca l  Labo ra to ry  (MPL) 

Scr ipps  In s t i t u t i on  of  O ce a n o g r a p h y  
San Diego,  Cal i fornia  92106

I n t r o d u c t i o n

T he  s t a n d a r d  m e t h o d  o f  d e t e r m in i n g  the 
d i r e c t i o n a l  p r o p e r t i e s  o f  u n d e r w a t e r  a cous t i c  
f i elds  is to c o h e r e n t l y  c o m b in e  the w e i g h t ed  p r e s 
su r e  f ie ld m e a s u r e m e n t s  m a d e  by spa t i a l ly  d i s t r i 
b u t e d  s e n s o r s .  An a l t e r n a t i v e  a p p r o a c h  is to make  
m e a s u r e m e n t s  o f  o t h e r  p r o p e r t i e s  o f  the  acous t i c  
f i e ld ,  in ad d i t i o n  to p r e s s u r e ,  at  s ingl e  po in t s  in 
sp a ce .  For  e x a m p le ,  m e a s u r e m e n t s  of  a cou s t i c  p a r 
t icle ve lo c i t y  can be  c o m b i n e d  mu l t i p l i c a t i ve ly  
w i th  t h o s e  o f  p r e s s u r e  to d e t e r m i n e  the  vec to r  
ac ou s t i c  i n t ens i t y .  The  p u r p o s e  o f  this  p r e s e n t a 
t i on  is to d i s c u s s  t h e  r e l a t i o ns h i p  b e t w e e n  the  
i n f o rm a t i o n  o b t a i n e d  on  t he  d i r ec t i o na l i t y  o f  the 
so u n d  f ield by the  s t a n d a r d  b e a m f o r m i n g  t e c h 
n iq u e s  and  v e c to r  ac o u s t i c  i n t ens i t y .

I. S t a n d a r d  vs  S i n g l e  P o i n t  B e a m f o r m i n g

The l ink b e t w e e n  t he  s t a n d a r d  a p p r o a c h  to 
b e a m f o r m i n g  an d  b e a m f o r m i n g  u s i n g  s ingl e po in t  
m e a s u r e m e n t s  is p r o v i d e d  by t he  Taylo r  ser ies  
e x p a n s i o n  o f  t he  ac o u s t i c  p r e s s u r e  f ield.  The  
e x p a n s i o n  in s p a c e  a b o u t  t he  m e a s u r e m e n t  po in t  
x a is:

p ( x ,  t )  = p(x„,  t )  + Vp(x„,  t )  ■ Ax + (1)

,MT? trix  ° f  1 Ax +
2 -  |_2nd Der iva t i ve s  ]*o -  - ■ ■

w h e r e  A x  m x  -  x a . What  Eq. (1) s ays  is t ha t  the  
m e a s u r e m e n t  o f  a c o u s t i c  p r e s s u r e  and  its h ighe r -  
o r d e r  sp a t i a l  d e r iv a t i v e s  at  a s i ngl e  po in t  in spa ce  
is e q u i v a l e n t  to t he  m e a s u r e m e n t  o f  a co us t i c  p r e s 
s u r e  in a v o l u m e  a b o u t  t he  m e a s u r e m e n t  po in t .  
T h e r e f o r e ,  t he  t e c h n i q u e s  u s e d  in b e a m f o rm in g  
w i th  spa t ia l ly  d i s t r i b u t e d  p r e s s u r e  m e a s u r e m e n t s  
can be a p p l i e d  to s i ng l e  p o i n t  m e a s u r e m e n t s  of  
p r e s s u r e  and  its sp a t i a l  d e r iv a t i v e s .  In par t i cu l a r ,  
s i nce  ac ou s t i c  p a r t i c l e  ve lo c i t y  at  a g iven  f r e 
q u e n c y  is p r o p o r t i o n a l  to t he  f i r s t  o r d e r  spa t i a l  
g r a d i e n t  o f  p r e s s u r e ,  t h e n  high r e s o lu t i o n  bea m-  
f o rm i n g  t e c h n iq u e s  can be  u s e d  wi th  s im u l t a n eo us  
p r e s s u r e  and  pa r t i c l e  ve lo c i t y  m e a s u r e m e n t s .  
App l i ca t i on  o f  m i n i m u m  v a r i a n ce  (Capon)  b ea m-  
f o r m i ng  t e c h n iq u e s  to t h e s e  t y pe s  o f  s ing l e  po in t  
m e a s u r e m e n t s  has  b e e n  d i s c u s s e d  p r ev io u s l y  
[Acoust .  Soc.  Am. m e e t i n g s ,  May,  1992 and  May,  
1993].  So me  e x a m p l e s  u s i ng  r ea l  ocean  da t a  al so 
wi l l  be  g iven in thi s  p r e s e n t a t i o n .

The  d i s t an c e ,  Ax,  t ha t  t he  p r e s s u r e  f ield can 
be  e x t r a p o l a t e d  f ro m the  m e a s u r e m e n t  po in t  wi th  
a g iven  e r ro r  an d  w i th  an  e x p a n s i o n  to a given 
o r d e r  is d e p e n d e n t  u p o n  the  d e g r e e  o f  spa t i a l  v a r i 
abi l i t y  o f  t he  p r e s s u r e  f ie ld .  The  m a x im u m  spa t i a l  
va r i abi l i t y  in any  d i r e c t i o n  at a g iven f r e q u e n c y  
ca n n o t  ex c ee d  t ha t  d e t e r m i n e d  by t he  acous t i c  
w a v e l e n g t h ,  at  l e a s t  for  n o n - e v a n e s c e n t  a cous t i c  
f ie lds .  (O t he r wi se ,  t he  ve lo c i t y  o f  the en e rg y  f low

re qu i r ed  to s u p p o r t  the spa t i a l  s t r u c t u r e  wou ld  
exc ee d  the s p e e d  of  so un d  in t he  f lu id ,  wh ich  is 
phys i ca l l y  imp oss ib l e ) .  T h e r e f o r e  the e f f ec t i ve  
spa t i a l  a p e r t u r e  o f  a s ingl e po in t  a r r ay  is r e l a t e d  to 
the  acous t i c  wav e l e n g th ,  r a t he r  t han  be i ng  d e t e r 
m ine d  by a f ixed i n t e r - e l e m en t  spa c in g  as wi th 
co n v e n t i o n a l  a r r ays .  Thus ,  s ing le  po in t  a r r ays  are 
f r e q u en c y -a d ap t i v e ;  the i r  e f f ec t i ve  a p e r t u r e  
d e c r e a se s  wi th  i nc r ea s ing  f r e qu en c y .  The  r e s u l t  of  
this p r o p e r t y  is t ha t  the  p l a n e  wave  r e s p o n s e  (or 
b e a m p a t t e r n )  for  s ingl e po in t  a r r ays  is i n d e p e n 
d en t  o f  f r e qu enc y .  This r e su l t  a l so imp l i e s  t ha t  no 
g r a t i ng  l obes  ex is t ,  i.e., spa t i a l  a l ias ing  ca nn o t  
occur  s ince a s a m p l in g  in space  is no t  be i ng  p e r 
fo rm ed .

The p h e n o m e n o n  o f  su pe rd i r e c t i v i t y  is 
d i r ec t l y  r e l a t ed  to the Taylor  s e r ie s  e x p a n s i o n  of  
the  p r e s s u r e  f ield.  Tha t  is, s u p e rd i r e c t i v i t y  a r i se s  
for  a spa t i a l ly  d i s t r i bu t e d  h y d r o p h o n e  a r r ay  wh en  
the  d i r ec t iv i ty  i nde x  is m a x im i z e d  as a f un c t i on  o f  
the  e l e m e n t  we ig h t s ,  and the i n t e r e l e m e n t  spa c in g  
bec om e s  sma l l e r  t han hal f  t he  ac ous t i c  w a v e l e n g t h  
[Pr i tchard,  J. Acoust .  Soc.  Am., Nov,  1954],  One  can 
sh ow  tha t ,  as the  rat io o f  the i n t e r e l e m e n t  spac ing  
to t he  aco us t i c  w a v e l e n g t h  a p p r o a c h e s  ze ro ,  t he  
we ight s  for  a "l inear p o i n t  a r r a y ” a p p r o a c h  t he  f i n 
i te d i f f e r en ce  a p p r o x im a t i o n s  to the spa t i a l  d e r i v a 
t ives  of  p r e s s u r e  g iven in Eq. (1). The  i n s t ab i l i ty  
that  r e su l t s  w he n  the  we igh t s  b e c o m e  l a rge and  of  
o p p o s i t e  s ign can be a v o i d ed  by t he  u s e  o f  a l t e r n a 
t ive t r an sd u c t i o n  m e t h o d s  s u g g e s t e d  by the  p h y s i 
cal  i n t e r p re t a t i o n  o f  the spa t i a l  de r i va t i v e s  o f  p r e s  
su re ,  e.g., w h en  the m e a s u r e m e n t  o f  a c o m p o n e n t  
of  a co us t i c  pa r t i c l e  ve loc i t y  r ep l ac e s  t he  m e a s u r e 
m e n t  of  p r e s s u r e  at  two  c l o se ly - s p a ce d  po in t s .

Note  t ha t  h igh r e s o l u t i o n  b e a m f o r m i n g  t e c h 
n iques  hav e  be e n  ap p l i ed  to s ingl e  p o i n t  m e a s u r e 
men t s  in o th e r  f ie lds ,  e.g., the e s t i m a t i o n  o f  ocean  
sur f ace  g r av i t y  wave  d i r ec t i o na l  s p e c t r a  f rom 
"pi tch-and- rol l "  buoys  [Ol tman-Shay  and  Guza ,  J. 
Phys.  Oceano. ,  Nov,  1984],
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The cen t r a l  qu an t i t y  in a r r ay  p r o c e s s i n g  is 
t he  da t a  c ro s s  sp e c t r a l  (or c ro s s  co r r e l a t i o n )  
mat r ix .  For  s im u l t a n eo us  aco us t i c  p r e s s u r e  and  
pa r t i c l e  ve loc i t y  m e a s u r e m e n t s  at  a s ingl e  po in t ,  
the  c r o s s - sp e c t r a l  ma t r i x  is:

$ , ( / )  z xSPA f )  z ySpy ( / )  z , S pA f )"

' ■ ■ z „zxX ( / )  z xz ySxy( f )  z xz*Sxz ( / )

[ 5 ( / ) ] "  ................ zyz;Sy(f) zyzlsy2{f)

■ z 2z ; S2( f )

w h e r e  the s y m b o l  "*" i nd i ca t e s  c o m p le x  c o n j u g a 
t ion.  C o nv e r s io n  f ac tor s ,  i nd i ca t ed  by z x , z y , and
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z z , m u s t  be d e f i n e d  in o r d e r  to c o n v e r t  the  t e r m s  
i n v o l v i n g  p a r t i c l e  v e l o c i t y  in t o un i t s  o f  p r e s s u r e .  
T ypic a l l y ,  the  c o n v e r s i o n  f a c t o r s  a r e  se t  e q u a l  to 
t he  p0c o f  the  m e d i u m .  The  o u t p u t  a u t o s p e c t r u m  of 
t he  s ing l e  p o i n t  b e a m f o r m e r  u n d e r  a p p l i c a t i o n  o f  
t he  c o n v e n t i o n a l  b e a m f o r m i n g  m e t h o d  is:

D B( f )  = e_H [ S ( / ) ] e

w h e r e  t he  p l a n e  w a v e  s t e e r i n g  v e c t o r ,  e_, is g iven  in 
t e r m s  o f  t he  d i r e c t i o n  c o s i n e s  as:

e_H = y [  1 c o s ( p J  cos(Py) cos(P2) ]

A p p ly in g  the  m i n i m u m  v a r i a n c e  a p p r o a c h  i n t r o 
d u c e d  by C a p o n  [Proc.  IEEE, 1969],  t he  s ingle  p o i n t  
b e a m f o r m e r  a u t o s p e c t r u m  b e c o m e s  [D’S pa in  et al,  
O c e a n s  92 Conf. ,  Nov ,  1992]:

Oc( /)  = [ e H [ S (/)]-* e ] ‘

O n e p a r t  o f  t he  l ink b e t w e e n  a c o u s t i c  i n t e n 
s i ty  an d  s ing l e  p o i n t  b e a m f o r m i n g  is now clear .  
T ha t  is,  t he  ac t ive  a c o u s t i c  i n t e n s i t y  at a g ive n f r e 
q u e n c y  is e q u a l  to t he  r ea l  p a r t  o f  t he  c ross  s p e c 
t r um b e t w e e n  p r e s s u r e  an d  p ar t i c l e  ve l oc i t y ,  and  
t he  t h r e e  o r t h o g o n a l  c o m p o n e n t s  o f  this c ross  
s p e c t r u m  are  the  o f f - d i a g o n a l  e l e m e n t s  in the  f i rs t  
r o w  an d  c o l u m n  of  t he  d a t a  c r o ss  s p e c t r a l  mat r ix .

P hy si ca l  i n t e r p r e t a t i o n s  can be  p r o v i d e d  for  
t he  o t h e r  q u a n t i t i e s  in the  d a t a  c r o s s  s p e c t r a l  
m a t r i x ,  i.e., its t r ac e  is p r o p o r t i o n a l  to the tota l  
a c o u s t i c  e n e r g y  d e n s i t y  an d  the  p r o p e r t i e s  o f  the 
3-by-3 p a r t i c le  v e l o c i t y  s u b m a t r i x  a re  d e s c r i b a b l e  
in t e r m s  o f  the p o l a r i z a t i o n  o f  a c o u s t i c  pa r t i c l e  
m o t i o n .  R e l a t i o n s h i p s  a m o n g  t he  v a r i o u s  e l e m e n t s  
o f  thi s  m a t r i x  can be  d e r i v e d  f rom t he  b as ic  a c o u s 
t ic p r i n c i p l e s  o f  c o n s e r v a t i o n  o f  m a s s  an d  m o m e n 
t um [D’S pa in  et al,  J. A co u s t .  Soc.  Am. Mar,  1991].

T he  s e c o n d  p a r t  o f  t he  l ink b e t w e e n  s ing l e  
p o i n t  b e a m f o r m i n g  a n d  a c o u s t i c  i n t e n s i t y  can be 
o b t a i n e d  by i n t e g r a t i n g  the  c o n v e n t i o n a l  b e am -  
f o r m e r  o u t p u t  a u t o s p e ç t r u m  w e i g h t e d  by the  look 
d i r e c t i o n  ve c t o r ,  DB( f ) l ,  o v e r  al l  look  d i r e c t i o n s ,  Î. 
The  r es u l t ,  for  p u r e l y  r ea l  c o n v e r s i o n  f ac t or s ,  is 
the  v e c t o r  su m o f  t he  a c t iv e  i n t e n s i t y  c o m p o n e n t s ,  
CPj ( f ) .  For  e x a m p l e ,  for  z e r o  e l e v a t i o n  angle ,  the 
i n t e g r a t i o n  o v e r  a z i m u t h  Ogives :
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"T- J" D B( f ) î  d p = z x Cpx( f ) £  + z y Cpy( f ) y
o

w h e r e  / = c o s (0)jc + s i n (0 ) j  a n d  w h e n  t h e  c o n v e r 
s i o n  f a c t o r s ,  z x, z y , a r e  p u r e l y  re a l .

In s u m m a r y ,  b e a m f o r m i n g  d e c o m p o s e s  the  
s o u n d  f ie ld  into s p a t i a l  f r e q u e n c y  c o m p o n e n t s .
T he  d e c o m p o s i t i o n  is p e r f o r m e d  at f i rs t  o r d e r  in 
the  a c o u s t i c  v a r i a b l e s  w h e r e  t he  p r i n c i p l e  o f  
s u p e r p o s i t i o n  is va l i d .  A c ou s t i c  i n t e n s i t y ,  on the  
o t h e r  h a n d ,  m e a s u r e s  t h e  tota l ,  n e t  f low o f  a c o u s t i c  
e n e r g y  at a s i ng l e  p o i n t  in s p a c e .  It a c c o u n t s  for  
t he  f ul l  i n t e r a c t i o n  o f  al l  t he  w a v e  f i e l d ’s sp a t i a l  
s p e c t r a l  c o m p o n e n t s .

III. MPL’s V e r t i c a l  BIFÂR Array
MPL’s S wa l low f l oa t s ,  f r e e l y  d r i f t i n g  s e n s o r  

s y s t e m s  tha t  m e a s u r e  b o t h  a c o u s t i c  p r e s s u r e  and  
t h e  t h r e e  c o m p o n e n t s  o f  a c o u s t i c  p a r t i c l e  ve l oc i t y ,  
t h e r e b y  p e r m i t t i n g  t he  c a l c u l a t i on  o f  a c o us t i c  
i n t e n s i t y ,  a re  d i s c u s s e d  e l s e w h e r e  at  thi s  m e e t i n g  
[ De s h a r n a i s  a nd  D ’S pa i n ,  this  m e e t i n g ;  al so D ’S pain  
et al,  IEEE J. O c e a n  Engin. ,  Apr,  1991],  A n o t h e r  MPL

s y s t e m  c a p a b l e  o f  m a k i n g  u n d e r w a t e r  a c o u s t i c  
i n t e n s i t y  m e a s u r e m e n t s  is the  v e r t i ca l  DIFAR a r r ay  
[Nickles et al,  O ce a n s  92 Conf. ,  Nov,  1992],  The  
a r r ay  is c o m p o s e d  o f  16 e l e m e n t s ,  wi th  an i n t e r 
e l e m e n t  s p a c i n g  o f  15 m.  Each o f  t he  e l e m e n t s  
c o n t a i n s  t h r e e  o r t h o g o n a l l y - o r i e n t e d  g e o p h o n e s  to 
m e a s u r e  a c o u s t i c  p a r t i c l e  ve l oc i t y  an d  a h y d r o 
p h o n e  to m e a s u r e  p r e s s u r e .  The  a r r ay  e l e m e n t s  
al so c o n t a in  a f l ux- ga te  c o m p a s s  for  m e a s u r i n g  t he  
o r i e n t a t i o n  o f  the  h o r i z o n t a l  g e o p h o n e s ,  a p r o 
g r a m m a b l e  h igh  f r e q u e n c y  d a t a  a c q u i s i t i o n  for  
a c o u s t i c  e l e m e n t  l oc a l i z a t io n ,  a p r e a m p  wi th  p r o 
g r a m m a b l e  gain f ro m 0 to 120 dB, an d  a 16-bi t  A /D  
c o n v e r t e r  tha t  p r o v i d e s  a d d i t i o n a l  d y n a m i c  r a n g e .  
Data co l le c te d  by this a r r ay  wil l  be u s e d  to i l l u s 
t ra t e  s o m e  o f  the  p r e c e e d i n g  p o i n t s  o f  this  p r e s e n 
t a t ion .

IV. E x t e n s i o n  o f  S ingl e  P o i n t  B e a m f o r m i n g  and  
E n e r g e t i c s  to H i g h e r  O r d e r

A p h y s i c a l  i n t e r p r e t a t i o n  o f  t he  t e rm at 
s e c o n d  o r d e r  in the  T ay l o r  s e r i es  e x p a n s i o n  in Eq. 
(1) can be m a d e  by r e a l i z i ng  tha t  in an a c o u s t i c  
f ie ld  in an o t h e r w i s e  s t a t i o n a r y  f luid,  the  s p a t i a l  
g r a d i e n t  o f  the  a c o u s t i c  p a r t i c le  v e l o c i t y  is e q u a l  
to the  a co u s t i c  r a t e  o f  s t r a i n .  Re f e r r i n g  to the  
s e c o n d  r an k s t ra i n  r ate  t e n s o r  as è ,  the  f o l l o w i n g  
r e la t io n  is t rue:

p k  = V(pv)  + - J y j y p 0 ( v ) ( v )

It can be s h o w n  tha t  t he  t r ace  o f  p z  y i e l ds  the  
c o n s e r v a t i o n  o f  a c o u s t i c  e n e r g y  e q u a t i o n .  For  s t a 
t i on ar y ,  s t o c h a s t i c  f i e l ds ,  in the f r e q u e n c y  d o m a i n :

SpE( f )  = VCpv_ ( f )

T h e r e f o r e ,  the  c r o ss  s p e c t r u m  b e t w e e n  the  a c o u s 
tic p r e s s u r e  and  the  a c o u s t i c  r a t e  o f  s t r a i n  p r o 
v i d e s  i n f o r m a t i o n  on  the  l oca l  s p a t i a l  h e t e r o 
ge n e i t y  o f  the  ac t ive  a c o u s t i c  i n t en s i t y .

The s e c o n d  o r d e r  Tayl or  s e r i e s  t e rm al so 
i m p r o v e s  the  p e r f o r m a n c e  o f  the  s ing l e  p o i n t  
b e a m f o r m e r .  Wh er ea s  t he  b e a m f o r m e r  at  f i r s t  
o r d e r  has  a m a x i m u m  d i r ec t i v i t y  i n d e x  (DI) o f  6 dB, 
a main  l o b e  w i d t h  o f  105 d e g ,  a nd  can d i s t i n g u i s h  
two s o u r c e s  in a z i m u t h ,  the  s e c o n d  o r d e r  b e a m -  
f o r m e r  has  a m a x i m u m  DI o f  9.5 dB, a ma in  l ob e 
w id t h  o f  65 d eg ,  a n d  can d i s t i n g u i s h  f o u r  d i s t i n c t  
s o u r c e s  in a z i m u t h .

P r o p o s e d  m o d i f i c a t i o n s  to MPL’s v e r t i c a l  
DIFAR ar r ay  to p e r m i t  a p p r o x i m a t e  m e a s u r e m e n t s  
o f  the  a c o u s t i c  r a t e  o f  s t r a i n  wil l  be p r e s e n t e d .

V. S u m m a r y  R e c o m m e n d a t i o n s

W ith s i m u l t a n e o u s  m e a s u r e m e n t s  o f  a c o u s t i c  
p r e s s u r e  and  p ar t i c l e  v e l oc i t y ,  s i ng le  p o i n t  b e a m -  
f o r m i n g  is m o s t  a p p l i c a b l e  in c a s e s  w h e r e  t he  
d i r e c t i on a l i t y  o f  a s o u r c e  o f  i n t e r e s t  is to be 
e s t i m a t e d  in the p r e s e n c e  o f  a n o t h e r  l o ud ,  i n t e r f e r 
ing s o u r c e .  The  u s e  o f  the  ac t ive  a c o u s t i c  i n t e n s i t y  
v e c t o r  is a p p r o p r i a t e  w h e n  the  n u m b e r  o f  s o u r c e s  
is l a rge ,  as in o c e a n  a m b i e n t  n o i s e  s t u d i e s .

R e f e r e n c e s

A c o m p l e t e  s e t  o f  r e f e r e n c e s  for  thi s  p r e s e n 
t a t io n  is av a i l ab le .
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